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Resumo
Neste trabalho, estudamos a transição de fase de matéria hadrônica para matéria
quarks em estrelas de nêutrons e a posterior difusão de neutrinos. A transição começa
com o desconfinamento dos quarks, governado pelas interações fortes no meio extrema-
mente denso da estrela de nêutrons, que posteriormente é seguido de decaimentos beta até
que a matéria de quarks atinja o equilíbrio químico. Após o equilíbrio a estrela resfria com
uma grande emissão de neutrinos. Calculamos as taxas de processos fracos relevantes na
matéria de quarks, que foram usadas na equação de Boltzmann para obtermos a dinâmica
do transporte de partículas e as escalas de tempo envolvidas. Para descrever a matéria
de quarks, utilizamos a Equação de Estado (EoS) segundo o modelo MIT parametrizado
pela chamada "constante de sacola", que rege a densidade de energia necessária para o
desconfinamento. Obtivemos soluções perturbativas, em primeira ordem para a constante
de acoplamento forte e da constante de sacola. Até atingir o equilíbrio, verificamos o
reaquecimento da estrela e o aumento na abundância de neutrinos, cujo livre caminho
médio é determinado pela EoS. A solução da equação de Boltzmann, alimentada pelas
taxas de decaimentos e pelos parâmetros da propagação de neutrinos, nos forneceu detal-
hes da difusão e como se realiza o transporte de energia por estas partículas. Finalmente,
pudemos obter a luminosidade de neutrinos gerados na transição de fase hádrons-quarks,
que foi usada para calcular o número de eventos esperados em detectores relevantes no
cenário atual e futuro, como Borexino, Super-Kamiokande e DUNE. O sinal esperado é
comparável ao sinal de neutrinos do colapso gravitacional, responsável pelo surgimento da
proto-estrela de nêutrons. Isso permitiria, a princípio, a observação da formação da es-
trela de quarks pelos detectores. Entretanto, não verificamos peculiaridades na estrutura
temporal do sinal esperado que pudessem fornecer informações sobre parâmetros da EoS
da estrela progenitora. Porém, temos a perspectiva de combinar sinais de diferentes de-
tectores, e possivelmente caracterizar a matéria interna no estágio de formação da estrela
de quarks.
Abstract
In this work, we study the phase transition from hadronic matter to quarks matter in
neutron stars and the subsequent diffusion of neutrinos. The transition begins with the
deconfinement of quarks, governed by strong interactions in the extremely dense environ-
ment of the neutron star, which is then followed by beta decays until the quarks matter
reaches chemical equilibrium. After equilibrium, the star cools with a large neutrino emis-
sion. We calculated the relevant weak process rates in the quark matter, which were used
in the Boltzmann equation to obtain the particle transport dynamics and the time scales
involved. To describe the quark matter, we used the Equation of State (EoS) according to
the MIT model parameterized by the so-called "bag constant", which governs the energy
density required for deconfinement. We obtained perturbative solutions in the first order
for the strong coupling constant and the bag constant. Until it reaches equilibrium, we
verify the reheating of the star and the increase in the abundance of neutrinos, whose
mean free path is determined by EoS. The Boltzmann equation solution was fed by decay
rates and neutrino propagation parameters, provided us with details of the diffusion and
how these particles transport energy. Finally, we were able to obtain the luminosity of
neutrinos generated in the hadron-quarks phase transition, which was used to calculate
the number of expected events in relevant detectors in the current and future scenarios,
such as Borexino, Super-Kamiokande, and DUNE. The expected signal is comparable to
the neutrino signal of the gravitational collapse, responsible for the creation of the proto-
neutron star. This would allow, in principle, the observation of quark star formation by
the detectors. However, we did not verify any peculiarities in the temporal structure of
the expected signal that could provide information on EoS parameters of the parent star.
Nonetheless, we have the perspective of combining signals from different detectors, and
possibly characterizing the internal matter at the stage of formation of the quarks star.
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Chapter 1
Introduction
Nuclear processes govern the life of the stars. All the phases from their formation until
the end depend on the rates of the different nuclear reactions and how the star reacts
to variations in the internal temperature and particle composition. Generally, we can
describe the stellar evolution through two internal and opposing forces: the gravitational
force which since the formation of star from a gas cloud tends to compress it and lead
the star to gravitational collapse, and the nuclear force, which counterbalance the star
contraction through the thermal pressure resulting from nuclear reactions.
When the fuel produced by nuclear reactions is depleted, the balance between gravi-
tation and nuclear pressure is broken, causing the star to entry into a new stage of stellar
evolution. Then, the next evolution steps depends essentially on the star’s mass. If the
star has a mass M < 8M, at the final stages its atmosphere expands slowly, forming a
planetary nebula, while its nucleus compresses until reaching a new equilibrium due to the
pressure from a gas of degenerated electrons. The body is now a white dwarf star (DS).
However, if the star is massive enough, Mstar > 8M, the gravitational collapse triggers a
Type II supernova explosion, whose mechanism is not yet totally understood [4], though
it is probable that neutrinos play a crucial role. The Type-II supernova explosion is one
of the most energetic events of the Universe. The gravitational binding energy released
in the collapse is about 3 × 1053erg. Besides, the kinetic energy of the expanding rem-
nant is on the order of 1051erg, and the total energy radiated in photons 1049erg. The
larger and even more massive stars (Mstar > 20M), can explode as a supernova while the
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pressure of matter in its nucleus will not be enough to counterbalance the gravitational
pull, so it will collapse, forming a black hole (BH). If the star has an intermediate-mass,
8M < Mstar < 20M, it will also explode in a supernova, but the core enters in a new
configuration of equilibrium, where gravity is balanced by the pressure of a degenerated
neutron gas inside the star. These are the neutron stars (NS).
In this work, we are interested in studying the evolution of NSs. These objects are
unique for the relativistic astrophysics, due to the extreme conditions that space and mat-
ter are subject. NSs’ surface gravity is in the order of 2× 1014cm s−2, which is 1011 times
greater than the surface gravity of Earth [5, 6]. Thus, NS constitutes a favorable scenario
to test different theories of gravity. Moreover, the NS typical magnetic field can be 1012
times stronger than Earth’s magnetic field [7, 8], which is enough to separate the atomic
structure. The impossibility to reproduce these conditions in controlled experiments on
Earth makes these stars perfect laboratories to understand the fundamental properties
of the matter at the highest densities. Also, we know that neutron stars have minimum
and maximum mass limits, which lies in the range of 1.44 to 3 M (the maximum mass
is purely general relativistic origin, and it is unknown). The lower bound comes from the
accurate measurement of a pulsar mass, 1.4408 ± 0.0003 M, in the binary pulsar PSR
1913+16 [9]. In contrast, the upper bound was deducted from causality, since the speed
of light in dense matter is greater than the speed of sound [10]. There is also a theoretical
lower limit of neutron star mass to be 0.1 M, which comes from the minimum mass
of a protoneutron star (PNS) and the composition of the resulting NS, although a more
realistic minimum stems from a neutron star’s origin in a supernova and lepton-rich PNSs
are unbound if their masses are less than about 1 M.
The equation of state (EoS) describes the behavior of matter inside the NS. Thus,
the EoS of NSs must take into account the high densities inside these objects ρ ∼ 2.5ρ0,
where ρ0 ∼ 2.8× 1014g cm−3 is the density of nuclear saturation, that is, the equilibrium
density of the nucleons within the atomic nuclei. Under such extreme conditions matter
reaches the baryon number density of n0=0.16 fm−3, i.e., the scale of the density of
matter within the neutron star. Usually, the EoS depends on the species of particles
considered and the effective model which describes the interactions between them [11, 12,
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13]. Because of the significant uncertainty regarding the exact composition of the NS,
different EoS hypotheses have been raised, departing from the standard nuclear structure
with electrons, neutrons, and protons [14, 15], to a more exotic matter composed of
hyperons Σ−, Λ, Ξ0,± [16, 17, 18], or pion and kaon condensation [19, 20], and or finally
normal quark matter [21, 22, 23, 24]. The large diversity of the particles inside a NS leads
to different EoSs describing the NS profiles of these extremely dense and compact objects
[13, 14, 15, 25, 26, 27, 28, 29, 30, 31, 32], thus they should exhibit different physical
properties according to each model [33, 34, 35]. In fact, the NSs represent an interesting
scenario for the study of the fundamental interactions that occur inside the stars, for
instance:
• Gravitational interaction, which should be analyzed within the framework of general
relativity [36, 37], considering Einstein’s equations [38, 39] or variational principles
[40, 41], to ensure the hydrodynamic equilibrium within the NS.
• Electroweak interactions, that must appear in a newly generated NS because its in-
ternal energies are very high, and there must be a cooling mechanism that decreases
NS’s internal temperature [42, 43, 44, 45]. In particular, the emission of neutrinos
is one of the most accepted mechanisms in the literature [46, 47, 48]; this emission
is produced by nuclear reactions that occur between the particles that form the NS.
• The presence of superfluid and or superconducting phases of the nuclear matter
inside the NS, which appear due to the high densities in NS [49, 50].
• Due to the extreme conditions of density and temperature inside the NS, the phase
transition of the hadronic matter to quark matter is expected inside these compact
objects [23, 51, 52, 53, 54, 55, 56, 57]. This transition must release a large amount
of energy ∼ 1053 ergs which is the order of energy released in the explosion of a
supernova [58, 59, 60, 61, 62].
The main target of this thesis is to study the neutrino luminosity emitted by a NS
considering a transition from hadronic to quark matter inside it and the related signals
in some representative terrestrial detectors, such as Borexino [63, 64], DUNE [65], and
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Super-Kamiokande (Super-K) [66, 67].
In the first step, we will analyze the mass-energy density profile h of the PNS composed of
hadronic matter studied by Pons et al. [3] and compare this profile with the mass-energy
density of deconfinement pf of the matter under the temperature, and chemical potential
conditions of this PNS calculated by Pons. Next, we will assume that the star is composed
of free quarks in this region of high mass-energy densities and that the initial composition
of quark matter has the same profiles of Temperature T (P ), of leptonic number YL(P )
and of the abundances of each quark species Yi(P ) (where P is the pressure of each layer
of the star) than the hadronic matter calculated by Pons at the end of the cooling of the
star. Assuming a thermal equilibrium between both phases, leptonic number conservation
and baryonic number conservation (Yu + Yd + Ys = 3). Besides, we are not considering
the propagation of the deconfinement flame the hadronic matter for quark matter, which
requires a more detailed study of the deconfined of matter within a compact object.
With the initial conditions of the quark matter defined, we note that the PNS is
not in β-equilibrium, because that the hadrons composing nuclear matter deconfine in
a strong interaction time scale of ∼ 10−23s to quark matter, leaving a quark gas which
is not in equilibrium under weak interactions. After, weak interactions will chemically
equilibrate the system on a time scale of ∼ 10−8s. In the last procedure, we consider a
gas of u, d, s quarks, electrons muons, and neutrinos in which the particles interact with
each other through weak interactions. Where the quark matter evolution is governed by
the Boltzmann transport equation for which we must calculate the creation/decay the
following weak interaction processes:
u+ e− ↔ d+ νe (1.1)
u+ e− ↔ s+ νe (1.2)
u+ d↔ u+ s, (1.3)
(1.4)
where the most important process in the production of strange quark is (4.15), besides,
the other two weak interactions (4.12) and (4.11) are needed to achieve an equilibrium
state in the strange quark matter.
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After the star’s inner matter reaches β-equilibrium, its temperature, and neutrinos
number are expected to increase. Therefore, we must consider the neutrino diffusion
within star for continued to the PNS evolution. Assuming, the neutrino transport equa-
tions, which depend on neutrinos’ mean free path. In this part considering the following
neutrino scattering and absorption processes for the calculation of the mean free path:
νl + u→ νl + u (1.5)
νl + d→ νl + d (1.6)
νl + s→ νl + s (1.7)
νl + d→ l− + u (1.8)
νl + s→ l− + u (1.9)
With the above, we can determine the total neutrino luminosity emitted by the star just
after the formation of β-equilibrium, and its signals in terrestrial detectors. In general,
the star loss much of leptons and temperature decreases to finally reach a neutron star
with quark matter.
Figure 1.1 is a flowchart illustrating and summarizing the sequence of the calculations
and respective boundary conditions that must be observed to continue to each subsequent
step, as discussed above.
This work is organized according to the following scheme: In Chapter 2, we review
the fundamental aspects of the NS’s internal structure, presenting relevant models of
equations of state (EoS) and some observational evidence of NS. In Chapter 3, we study
the EoS for matter within an NS; for nuclear matter, we consider that the baryonic
octet, and in the case of quark matter assumes quarks up, down, and strange free. In
Chapter 4, we use the Boltzmann transport equation to analyze the behavior of matter
to β-equilibrium, then perform an analysis of neutrino diffusion for a NS. In Chapter
5 we study neutrino luminosity and the neutrino spectrum. In Chapter 6 we calculate
the signal in representative detectors at Earth due to the neutrino emission. Finally, we
discuss in Chapter 7 the implications of the results for NS evolution.
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PNS
Profiles of T (P ), YL(P ) and Yq(P )
TOV equations
Hadronic matter
Deconfinement Region If pt − h > 0
Phase transition
Hadronic-quark matter
Boltzmann Transport Equation
Weak interaction processes:
(4.11),(4.12), and (4.15)
Quark matter
out of β-equilibrium
Neutrinos Diffusion
Scattering and absorption
neutrino processes:
(1.5), (1.6), (1.7), (1.8), and (1.9)
Quark matter
in β-equilibrium
Luminosity and Signals in Terrestrial Detectors
∼ 10−8s
∼ 8s
Figure 1.1: Flowchart summarizing the sequence of the calculations in this work.
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Chapter 2
Neutron Stars
Neutron stars are likely to be composed of the densest form of matter known to exist
in our Universe; this star is born as a result of the core-collapse in a supernova (explosion)
when the initial mass of the star in the main sequence is around 8 to 20M [68]. A scheme
of the composition of a neutron star is shown in Figure. 2.1.
The internal composition of the neutron star’s inner core is currently poorly under-
stood, and most models of dense matter predict that above twice the equilibrium density
of nuclear matter, i.e. ∼ 2ρ0, the exotic matter might appear in the form of hyperons,
pions, kaons, or deconfined quark matter [69, 70, 71, 72] which would be in a color super-
conducting state [73, 74]. In the outer core, nuclei merge together and a phase transition
to nuclear matter takes place In this region the star consists of asymmetric nuclear matter
in β-equilibrium with electrons and muons. Here is expected a uniform nuclear matter
with neutrons and protons in the super-fluid state. In general, the inner and outer cores
occupy about 70 percent of the neutron star’s volume.
In the inner crust, the matter density is above the neutron drip density ρdrip = 4.3×
1011g/cm3, the crust consists of a lattice of neutron-rich nuclei and an ultra-relativistic
electron gas, both immersed in a neutron gas. Because of the nuclear pairing force, a
superfluid state is expected of the neutrons, which form Cooper pairs. In this region, the
star has a crust-core transition layer consisting of a mixed-phase, the so-called “nuclear
pasta” phase, of “exotic nuclei” embedded a neutron electron gas. The inner-crust matter
one encounters a stratum composed of spherical blobs of nuclear matter in a neutron and
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electron gas. With increasing density, the nuclear matter spherical blobs, first turn in
rod-like structures “spaghetti”, and then to plate-like ones “lasagna”. For higher matter
densities of the inner-crust, the complementary nuclear shapes are contemplated, that is,
the so-called “anti-spaghetti”, and “Swiss cheese”, that is a phase in which balloons filled
by neutron and electron gases are surrounded by nuclear matter. Here, one expects the
appearance of the nuclear pasta phase due to finite size effects which settle the minimum of
the local total energy per baryon of these competing exotic geometrical nuclear structures
between each other and uniform β-stable nuclear matter. Finally, in the outer crust,
heavy nuclei exist with a free gas of electrons, in an envelope that plays a role as a
thermal insulator between the outer crust and the atmosphere [75]. For higher densities,
nuclei in the lattice become more and more neutron-rich, due to the electron capture
processes p+ e− → n+ νe, lower the total energy of the system.
Figure 2.1: Neutron star structure model.
When nuclear matter reaches a specific density limit, the baryons located in the nucleus
of the star are so compressed that their constituent quarks can occupy a minimal volume
and the quarks in the nuclear matter are no longer confined, that is, the quarks will
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be "free" and therefore we can speak of asymptotic freedom of quarks, and in this way,
quark matter is formed [55]. This state of matter is one of the phases predicted by
Quantum Chromodynamics (QCD), for the regime of high densities and low temperature.
The theoretical studies proposed by Witten [76] indicate that there is a so-called strange
matter hypothesis, in which the quark matter is the fundamental state of the strong
interaction. In other words, the energy per baryon of strange quark matter is supposed
to be less than the lowest energy per baryon found in atomic nuclei, which is about 930
MeV for the most bound nuclei (62Ni, 58Fe, 56Fe).
In this work, we use two different effective models for the description of the hadronic
and quark phases, namely the Walecka model for the hadronic matter [28, 77] and the
MIT model for the quark matter [69]. Both models will be discussed in details in sections
3.1 and 3.2 respectively.
In 1974 by John Dirk Walecka proposed a covariant model able to describe the hadronic
material at very high densities, such as the matter present in a neutron star. Under these
conditions the nuclei are subject to minimal coupling, interacting through the exchange of
scalar and vector mesons, according to the potential of Yukawa. This model was modified
over the years, including an isovectorial meson, which can describe the isospin energy,
baryonic octet, and leptonic degrees of freedom.
For the quarkonic matter, we will use an effective model; the MIT Bag model developed
in 1974, where the equations of movement are obtained from a relativistic Lagrangian, in
which quarks are considered not to interact inside a region called Bag. Thus the main
local characteristic of this phase is the quark deconfinement, a key feature of this work.
2.1 Stellar structure equations
In astrophysics, the Tolman-Oppenheimer-Volkoff (TOV) is relativistic equations [38,
39] used to constrain the structure of the symmetrical spherical body of isotropic material
which is in static gravitational equilibrium. In order to deduct these equations, we use
the following Einstein’s equations (without the cosmological constant):
Gµν ≡ Rµν − 1
2
gµνR = 8piT µν , (2.1)
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here, we assume natural units G = c = ~ = kB = 1 and Gµν is Einstein’s tensor, which
describes the curvature of spacetime, Rµν is the Ricci tensor, defined by the Christoffel
symbols Γ, R = gµνRµν is the Ricci scalar, and T µν is the stress-energy tensor, that
describes the density and flux of energy and momentum in spacetime curvature. In
this context, we are interested in the general form that the stress-energy tensor takes.
Frequently, the matter may be regarded as a perfect fluid with total energy density ,
isotropic pressure P , metric gµν , and four-velocity uµ = (1, 0, 0, 0), then the stress-energy
tensor is built from these components according to
T µν = (+ P )uµuν + Pgµν , (2.2)
where total energy density depends on the rest-mass density of the fluid ρ, and the internal
energy ε, which in this case represents the thermal motion of the constituent fluid particles.
So, the total energy density is given by
 = ρ+ ε. (2.3)
Once the stress-energy tensor was defined, we must consider the Schwarzschild metric,
which is the most general solution for a nonrotating and symmetric star. This metric
gives the following line element.
ds2 = −e−2φ(r)dt2 + e−2Λ(r)dr2 + r2dΩ2, (2.4)
where e−2Λ(r) =
(
1− 2m(r)
r
)−1
, φ (r) = 1
2
ln
(
1− 2m(r)
r
)
will be called the metric potential
from now on, m (r) is the gravitational mass inside radius r, which is calculated assuming
a circumference of a circle about the origin such as 2pir.
The deductions of the Christoffel symbols Γαµν , the curvature tensor Rµν , the Einstein
tensor Gµν , and the stress-energy tensor T µν for a perfect fluid using the previous metric
were calculated by other authors [69, 72], thus we can write the structure equation as:
dP
dr
= −(+ P ) (m+ 4pir
3P )
r (r − 2m) (2.5)
dm
dr
= 4pir2 (2.6)
dφ
dr
=
m+ 4pir3P
r (r − 2m) (2.7)
da
dr
=
4pir2nb√
1− 2m/r (2.8)
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where a (r) is the enclosed baryonic mass and nB is the baryon density. To solve these
equations, we must choose an Equation of State (EoS), and boundary conditions for the
TOV equation through the choice of values of physical quantities at the center r = 0 and
at the surface r = R of the star:
• mass m(r = 0) = 0
• baryonic mass a(r = 0) = 0
• pressure P (r = 0) = P0 in star center
• φ (r = R) = 1
2
log(1− 2m/r) on the surface of the star
The solution of Equations 2.5, 2.6, 2.7, 2.8, give us the mass and pressure profiles, m(r),
P (r), with P (r) going to zero at the surface r = R, resulting in the radius of the star.
Star mass determination is challenging both from a theoretical and an observational point
of view. The first estimate of the mass of a neutron star was made by Volkoff and
Oppenheimer [38], using an EoS for a relativistic neutron gas with a mass of 0.7 M, known
in the literature by the Tolman-Oppenheimer-Volkoff limit. Also, based on the relativistic
hydrostatic equilibrium equation and the principle of causality, it was established that the
maximum mass of a neutron star could not exceed 3.2 M [10].
According to Table 2.1, there may be inside of these compact objects: neutrons (n),
protons (p), hyperons (H), meson condensate (K), quarks (u, d, s), and all the relevant
antiparticles. As the models use different theoretical approaches, even with the same
internal composition, they differ in the value of the maximum mass of the star [71].
Figure 2.2 shows the theoretical M-R curves for quark and hadron stars. In this figure,
the smallest possible mass of a neutron star is the order of 1.4 M, predicted by the model
GS1. All other models predict masses above this value. From the SQM model, the only
one containing strange matter, the mass of the star grows with the increase of the radius
until it finds the maximum value, in this case, the mass of the star is proportional to
its volume, M ∝ R3. For models with the nuclear matter, the larger the star mass, the
smaller its radius.
In this work as already mentioned in Section 1, we are interested in studying the
neutrino luminosity resulting from the formation of strange matter in the core of the
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EoS Reference Approach Composition
PS Pandharipande & Smith [78] Potential npi0
WFF(1-3) Wiringa, Fiks & Fabrocine [30] Variational np
AP(1-4) Akmal & Pandharipande [79] Variational np
PAL(1-6) Prakash et al.[80] Schematic potential np
MS(0-2) Müller & Serot [81] Field theoretical np
GM(1-3) Glendenning & Moszkowski [82] Field theoretical npH
PCL(1-2) Prakash, Cooke, & Lattimer [57] Field theoretical npHQ
GS(1-2) Glendenning & Schaffner-Bielic [83] Field theoretical npK
ENG Engvik et al. [84] Dirac-Brueckner HF np
MPA(1-2) Mu¨ther, Prakash, & Ainsworth [85] Dirac-Brueckner HF np
SQM(1-3) Prakash et al. [57] Quark matter Q(u,d,s)
Table 2.1: Typical EoSs for a neutron star. Approach refers to the underlying theoretical
technique and composition refers to strongly interacting components (neutron (n), proton
(p), hyperon (H), kaon (K), quark (Q)). All models include leptonic contributions into
the neutron star.
neutron star (using the assumption of quarks deconfinement). For this reason, we will
use the GM model (see Table 2.1) as the initial EoS for nuclear matter, which contains
hyperons, ensuring an abundance initial of quark s just after the deconfinement of nuclear
matter. On the other hand, we will use the MIT Bag model (SQM) to describe the quark
matter. Both of the models are going to be discussed in details in Chapter 3.
2.2 Observational evidences
2.2.1 Pulsars
Most of the neutron stars are observed as pulsars, named from the emission of radiation
pulses at very regular intervals, within a typical range from milliseconds to seconds.
Pulsars have strong and powerful magnetic fields that funnel jets of particles out along the
magnetic poles. These jets are beams of particles, usually observed in pulsars or active
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Figure 2.2: Mass-radio diagram (M-R) of Lattimer and Prakash [1] for the configurations of NSs
obtained for typical EoSs, represented by black curves and quark stars, represented by green
curves (SQM1 and SQM3). The other curves correspond to radius R∞ = R/
√
1− 2GM/Rc2
constants. The dark blue zone is excluded by the GR horizon (R > 2GM/c2), the light blue
zone by the finite pressure condition (R > (9/4)GM/c2) and the light green region by causality
(R > 3GM/c2). On the other hand, the dark green region in the lower right corner represents
regions excluded by the tensions supported by the PSR crustal J1748-2446ad, which rotates at
716 Hz [2].
galactic nucleus (AGN). Typically, the magnetic field is not aligned with the spin axis,
causing the beams of particles (and light) to sweep in circles as the star rotates. When
the beam of particles crosses our sight-line, we see the pulsar turn on and off as the beam
sweeps over the Earth. Hence, we could think of a pulsar as similar to a lighthouse. The
radiation frequencies of the pulsars cover the range of visible light, X-ray, and gamma-ray,
but most of the beam is composed of a variety of radio frequencies. Some neutron stars
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are pulsars emitting in all spectral bands. An example is the Crab pulsar, which rotation
period is slowing by 38 nanoseconds per day due to the large amounts of energy carried
away in the pulsar wind.
About 90% of radio pulsars are isolated, and their masses cannot be measured since
all of the current methods rely on precise tracking of the orbital motions through the
arrival times of the observed pulsations.
On the other hand, around 250 pulsars are located in binary systems, that is, a star
system consisting of two stars orbiting around their common barycenter (multiple star
systems). Moreover, a binary pulsar may have the additional feature of a measurable
decrease in the orbital period as the two pulsars spiral inward toward each other, and
this change in the orbital period can be associated with energy loss due to the emission
of gravity waves, which allow physicists to test Einstein’s general relativity.
2.2.2 Magnetars
The magnetic field in a typical neutron star is ∼ 108 of times that of the Earth’s
magnetic field. However, in a magnetar, the magnetic field is ∼ 103 times stronger
than the typical neutron star magnetic field. Indeed, the magnetar’s magnetic field is
∼ 1014 − 1015G.
In neutron stars, the star’s crust is locked together with the magnetic field; thus, any
change in one affects the other. The crust is always under a huge strain, even a small
movement of the crust can be explosive. Moreover, since the crust and magnetic field are
coupled, the explosion flows through the magnetic field. In a magnetar, deu to the huge
magnetic field; the crust movements make the magnetar to release enormous amounts of
energy in the form of electromagnetic radiation.
2.2.3 X-ray binary
X-ray binaries are a class of binary stars that are luminous in X-ray (1033 - 1039 erg/s).
They are described as a close binary system where a neutron star, or more rarely a black
hole, is accreting matter from the companion, usually a main-sequence star. When these
pairs of stars are close enough, the matter of the companion is pulled off because of the
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high gravity in the neutron star; in other words, the collapsed neutron star is the cause of
the X-ray emissions. The lifetime and the mass-transfer rate in an X-ray binary depend
on the evolutionary status of the donor star, the mass ratio between the two bodies, and
their orbital separation. An example of an X-ray binary is Cygnus X-1. The system is
rich in X-rays not only because of the accretion disc but also because there is a corona
that is much more powerful than the corona of the Sun. Cygnus X-1 is 104 times more
potent than the Sun, and most of it is powered by the gravity caused by its black hole.
2.2.4 Observation of Gravitational Waves (GW170817)
Since September 2015, the Advanced LIGO [86] and Advanced Virgo [87] observatories
have opened a window on the gravitational-wave (GW) universe [88]. A new type of
astrophysical source of GWs was detected on 17 August 2017, when the GW signal emitted
by a low-mass coalescing compact binary was observed. This observation coincided with
the detection of a γ-ray burst, GRB 170817A [89], confirming that the source was the
binary system contained matter, which was further corroborated by a series of observations
that followed across the electromagnetic spectrum; see e.g., [90, 91, 92]. The measured
masses of the bodies and the variety of electromagnetic observations are consistent with
neutron stars.
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Chapter 3
Neutron star equations of state
3.1 Nuclear Matter: Walecka Model
We will use the non-linear Walecka (WNL) model [28, 77] to describe the star’s hadron
phase. This model represents the interaction among baryons, mediated by mesons, and
takes into account relativistic aspects of the nuclear matter. Here, the mesons responsible
for the coupling among the baryons are the scalar meson, represented by the σ field; the
vector-isoscalar meson, represented by the ω field; and the vector-isovectorial meson, rep-
resented by the ρ field, responsible for the description of the properties of the asymmetric
nuclear matter.
The equations of the Walecka model with relativistic mean-field approximation are
widely used in the literature [55, 93] since they maintain the main characteristics of
Quantum Hadrodynamics (QHD) [77], such as Lorentz covariance, the presence of degrees
of freedom of mesons and the incorporation of antiparticle fields. The validity of the mean-
field approximation improves with increasing baryon density because at high densities,
such as those likely found at the interior of proto-neutron stars, the fluctuations of the
mesonic fields are negligible when compared to the nucleons’ amplitudes, allowing the
substitution by their mean values [69]. Therefore, the mean-field approximation enables
the deduction of a semi-analytic solution and consists of the use of the mean values of the
meson fields.
Considering that the hadronic matter is composed of the following particles and their
CHAPTER 3. NEUTRON STAR EQUATIONS OF STATE 34
corresponding antiparticles: neutrons n, protons p, Λ, Σ+, Σ0, Σ−, Ξ−, and Ξ0 baryon
octet; the relevant leptons are those of the first and second generation, electron e−, muon
µ−, and neutrinos of the electron νe, and the muon νµ, since the resting mass of the tau,
mτ = 1777 MeV, lies in a range of energies much higher than the one of our interest.
To adapt such treatment to the conditions prevailing in proto-neutron stars, we also
include a free Fermi gas of neutrinos and antineutrinos of the electron, muon, and tau in
β-equilibrium with the other particles. We also consider finite temperature.
The Lagrangian density of the WNL has the following form:
L = LB + LL + LM (3.1)
where B, L, and M refer to baryons, leptons, and mesons. The baryon contribution is
LB =
∑
B
ψB
(
iγµ∂
µ −mB + gσBσ − gωBγµωµ − 1
2
gσBγµ~τ · ~ρµ
)
ψB, (3.2)
the sum on B is over all charged states of the baryon octet. For the lepton contribution,
LL =
∑
L
ψL (iγµ∂
µ −mL)ψL (3.3)
where it is considered electrons, muons, electron neutrinos, and muon neutrinos (we do
not consider trapped muon neutrinos, i.e. the associated chemical potential is µνµ = 0 ).
The meson contribution is given by
LM = 1
2
(
∂µσ∂
µσ −m2σσ2
)− 1
4
ωµνω
µν +
1
2
m2ωωµω
µ +
1
4
~ρµν · ~ρµν + 1
2
m2ρ~ρµ · ~ρµ − U (σ) ,
(3.4)
the potential U(σ) represents the self-interactions of the scalar field and is taken as
U (σ) =
1
3
bmn (gσσ)
3 +
1
4
c (gσσ)
4 , (3.5)
where mn is the bare nucleon mass, and we have introduced two new dimensionless con-
stants b and c.
We use an approximation known as the relativistic mean-field approximation, discussed
in details in Appendix A. The fluctuations of the mesonic fields are negligible compared
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to the amplitudes of the nucleon fields, making possible the substitution of the fields by
their mean values; Thus, we can write the total Lagrangian as:
〈L〉 = 1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3 −
1
2
(
gσ
mσ
)−2
(gσσ)
2 − 1
3
bmn (gσσ)
3 − 1
4
c (gσσ)
4
(3.6)
while the general expression for pressure Ph = −Ω is given by,
Ph =
〈
ψγii∂iψ
〉
+ 〈L〉 (3.7)
where
〈
ψγii∂iψ
〉
= −∑i=B,L Pi, then
Ph =
∑
i=B,L
Pi +
1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3
−1
2
(
gσ
mσ
)−2
(gσσ)
2 − 1
3
bmn (gσσ)
3 − 1
4
c (gσσ)
4 (3.8)
and mass-energy density εh is
εh = −〈L〉+
〈
ψγ0i∂0ψ
〉
(3.9)
with
〈
ψγ0i∂0ψ
〉
=
∑
i=B,L εi +
(
gω
mω
)2
ρ2B +
(
gρ
mρ
)2
ρ2I3, so
εh =
∑
i=B,L
i +
1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3
+
1
2
(
gσ
mσ
)−2
(gσσ)
2 +
1
3
bmn (gσσ)
3 +
1
4
c (gσσ)
4 . (3.10)
In the above equations, Pi and i are the expressions for a Fermi gas of relativistic,
non-interacting particles:
Pi =
1
3
gi
(2pi)3
∫
d3p
p2
(p2 +m∗2i )1/2
(fi(νi) + fi(−νi)), (3.11)
εi =
gi
(2pi)3
∫
d3p (p2 +m∗2i )
1/2 (fi(νi) + fi(−νi)), (3.12)
where the degeneracy factor of baryon and electrons is gi = 2, fi(νi) = (exp([(p2 +
m∗2i )
1/2− νi]/T ) + 1)−1 is the Fermi−Dirac distribution function, m∗i is the effective mass
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or sometimes the Dirac effective mass especially and νi the effective chemical potential,
these can be written:
m∗i = mi − xσi(gσσ), (3.13)
νi = µi − xωi
(
gω
mω
)2
ρ
′
B − xρiI3i
(
gρ
mρ
)2
ρ
′
I3
. (3.14)
In Equation 3.14 the weighted baryon density ρ′B and weighted isospin density ρ
′
I3
are
given by:
ρ
′
B =
∑
i=B
xωini, (3.15)
ρ
′
I3
=
∑
i=B
xρiI3ini, (3.16)
here I3i is the third component of the isospin of each baryon and ni is the particle number
density,
ni =
gi
(2pi)3
∫
d3p (fi(νi)− fi(−νi)), (3.17)
The mean field gσσ satisfies the equation:(
gσ
mσ
)−2
(gσσ) + bmn(gσσ)
2 + c(gσσ)
3 =
∑
i=B
xσin
s
i , (3.18)
where the scalar density nsi is:
nsi =
gi
(2pi)3
∫
d3p
m∗i
(p2 +m∗2i )1/2
(fi(νi) + fi(−νi)). (3.19)
Here, we are interested in describing the star’s matter in weak chemical equilibrium in
the presence of trapped electron neutrinos and and neutral electric charge balance, con-
sequently the chemical potential µi for baryons in the nuclear phase is
µi = qBµn − qe(µhe − µhνe), (3.20)
where qB is the baryonic charge (+1) and qe is the fundamental electric charge (-1). The
electric charge neutrality is constrained by
np + nΣ+ − nΣ− − nΞ− − ne − nµ − nτ = 0. (3.21)
Besides, when we consider neutrino trapping, we use the quantity YLl to describe the
number of leptons per baryon for each neutrinos flavor, l = e, µ, τ :
YLl = Yl + Yνl , (3.22)
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In Equation 3.22 the two components are conserved on dynamical time-scales, thus keeping
constant YLl. Gravitational collapse calculations of the compact star core indicate that
at the onset of trapping, the electron lepton number YLe = Ye + Yνe ' 0.4, this value
depending on the electron capture reaction during the gravitational collapse. On the
other hand, because no muon and tau are present when neutrinos become trapped, the
net numbers of either µ and τ leptons are zero, which is Yµ,τ ' −Yνµ,τ can be imposed.
Unless µµ > mµ and µτ > mτ , the net number of µ or νµ in matter is zero.1
The above equations can be solved numerically by specifying three thermodynamic
quantities: the temperature T , the mean-field gσσ and the chemical potential of electron
neutrinos in the nuclear phase µhνe .
All along this work, we chose the GM1 and GM3 models (see Table 2.1), as discussed
in Section 2.1. The constant parameters in the model are determined by the properties
of nuclear matter and hyperons potential depths, known from hypernuclear experiments
[94, 95]. We construct the EoS including nucleons, baryon octet, and leptons using the
parameters shown in Table 3.1, where we also have the hyperon coupling constants, all
following the GM1 and GM3 models.
Label gσ/mσ gω/mω gρ/mρ b c xωi xσi xρi
[fm] [fm] [fm]
GM1 3.434 2.674 2.100 0.002950 -0.00107 0.659 0.6 0.6
GM3 3.151 2.195 2.189 0.008659 -0.002421 0.6104 0.666 0.6104
Table 3.1: Parameterization of the hadronic equation of state (gσ/mσ, gω/mω, gρ/mρ, b,
and c), and the hyperon coupling constants (xωi, xσi, and xρi).
In this section, we use the following convention: GM1npe and GM3npe (regular nuclear
matter) and GM1hyp and GM3hyp (exotic nuclear matter). Figure 3.1 shows the pressure
Ph as a function of the mass-energy density h. We use EoSs for a cold neutron star, that
is with a temperature T ≈ 0 MeV = 10−4 MeV. We have considered the presence and
absence of neutrinos. The hyperon production set in EoS shows a "softening" behavior,
due to the slower increase of pressure for εh ≥ 4 · 1014 (up panel) and εh ≥ 1 · 1015 (down
1where µ mass is mµ = 106 MeV and mτ mass is mτ = 1777 MeV.
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panel). When we consider neutrino trapping in the EoSs, is appropriate to fix the lepton
fraction YLe = YL = Ye + Yνe = 0.4, and YLµ = YLτ=0, which are typical lepton fractions
of a protoneutron star [75].
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Figure 3.1: Pressure as a function of mass-energy density in the absence of neutrinos (up panel)
and with neutrinos (down panel), for T ≈ 0MeV . Hyperonization leads to a "softening" of the
EOS at densities εh ≥ 4 · 1014 (up panel) and εh ≥ 1 · 1015 (down panel).
3.1.1 TOV equations and the structure of hadronic matter in NSs
In this subsection we discuss the role of TOV equations in the description of the NS
structure. The TOV equations were solved numerically using a FORTRAN code. We
need two initial conditions in addition to the EoS to solve the TOV equations: the first
is P (r = 0) = Pc, where Pc is the pressure at the center of the star r = 0; second, the
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condition that the mass at the center must be zero, m(r = 0) = 0. The central pressure
Pc is not known. The final dimensions of a NS, namely the relationship between total
mass and final radius M(R), can be obtained by taking Pc values within the range shown
in Figures 3.1 to solve the TOV equations for each EoS. Then we can build similar curves
such as those in Figure 2.2. Besides, for r > R, i.e. at the exterior of the star, the pressure
vanishes P (r > R) = 0. Zero pressure defines the edge of the star (r = R) because of zero
pressure means that matter is no longer supported against the inward gravitational pull.
The pressure values used for Pc yields a curve M(R) in the mass-radius plane; this curve
depends strongly on the chosen EoS. Here, we implement the Walecka model (which was
discussed above), to describe the EoS of matter within the star, using the parametrization
given in Table 3.1.
Figure 3.2 shows the relation between the total mass and the total radius M(R) for a
star described by the Walecka model, with different compositions of the star’s matter, all
at the temperature of T = 0MeV (cold star). We see the maximum values for the mass
and final radii vary according to each case. These values are compiled in Table 3.2.
In the hereafter, we will use the conventions of Table 3.2 to refer to different hadronic
EoS models when necessary. Note that the EoS with exotic nuclear matter is much softer
than the EoS regular nuclear matter, leading to much smaller maximum masses and a
lower central pressure Pc. In general, with radii vary between 10.49 km and 12.45 km.
We see that Mmax and R for GM1 is greater than for the GM3 model. Note that the
Pauli principle drives the hyperon populations in the dense matter so in the direction
of reducing the energy of the baryon Fermi seas, and hence the total energy and the
pressure, which resists gravitational collapse, is likewise reduced. Consequently, hyperons
will reduce the limiting neutron star mass in comparison with models in which hyperons
are omitted. Besides, we see an increase in the minimum mass of the star in all the curves
when we consider neutrinos trapped in the star.
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EoS Mmax[M] R [km] Pc [1035 erg cm−3] Pc [10 MeV fm−3]
GM1npe 2.38 11.89 7.65 47.72
GM1npe+ νe 2.29 11.80 8.43 52.61
GM1hyp 1.77 11.36 4.26 26.57
GM1hyp+ νe 2.04 12.45 4.47 27.90
GM3npe 2.04 10.91 8.03 50.11
GM3npe+ νe 1.95 10.74 9.76 60.91
GM3hyp 1.54 10.49 4.93 30.77
GM3hyp+ νe 1.78 11.38 5.43 33.92
Table 3.2: Properties of a neutron star in GM1 or GM3 models. We list the final radius,
R (in km), the maximum neutron-star mass, Mmax (in M), and the central pressure
density, Pc (in erg cm−3 and MeV fm−3), whic are the point of the M(R) curves shown
in 3.2
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Figure 3.2: Neutron star mass-radius diagram with T ≈ 0MeV . In the upper panel, we do not
consider the neutrino trapping, and in the lower panel, it is considered. For equations of state
GM1hyp and GM3hyp with hyperons and GM1npe and GM3npe without hyperons.
The evolution of particle abundance Yi with increasing star radio r is shown in Figure
3.3 for the maximum-mass star, using EoSs GM1hpy and GM3hyp. Hyperons form a
significant population in the star core, as can be seen in Figure 3.3. For the sake of
comparison and to check the effect of neutrinos in the stellar matter, we have studied the
cases without and with neutrino trapping (NT0 and NT1, respectively). Integrated over
the star, the baryon population for GM1-3 (GM1hpy and GM3hpy) assuming the case NT0
(upper panels) are about 50-66% neutrons, 38-18% protons and 12-16% hyperons. In the
NT1 case (down panels), we have 55-62% neutrons, 37-24% protons and 8-14% hyperons.
In the innermost 4 km of the star, hyperons are the dominant species (excluding the
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Figures for GM1 with NT0 and GM3 with NT1). Besides, while neutrons comprise the
largest part of the population, they are not the dominant particle in the star’s core.
On the other hand, we see that the presence of neutrinos in the EoS makes the hyperons
populations decrease faster than when they are not considered neutrinos in the EoS. In
the up panel, the hyperons populations are essential up to about a radius of 8 km. Still,
in the down panel where neutrons are considered in the EoS, we see that the population
of hyperons is essential up to about a radius of 6 km.
Moreover, the maximum mass is not the only neutron star property that is influenced
by hyperon populations (as we saw in the Figure 3.2). Models of neutron stars that omit
the hyperon population are likely to provide an incomplete picture of neutron star cooling.
Furthermore, electrical conductivity and superfluidity will inevitably be modified by the
presence of hyperons.
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Figure 3.3: Particles abundance as a function of star radio for the maximum mass of the NS
without and with neutrino trapping.
3.2 Quark Matter: The MIT Bag Model
In the MIT Bag model [69], quarks are treated as confined particles inside a bag of
finite dimension and infinitely massive outside the bag. Such confinement is the result
of the balance of the stress arising from the quarks’ kinetic energy and the bag pressure
B, which is directed inward, as can be seen in Figure 3.4. The bag pressure B is a
phenomenological quantity introduced to take into account the non-perturbative effects
of quantum chromodynamics (QCD).
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Figure 3.4: Pressure balance scheme in the MIT Bag model.
The primary hypothesis of the MIT bag model considers confinement and the free
motion of quarks in the confined region. Within the hadronic volume, or rather, within
any size containing quarks, the vacuum must be expelled, and this process costs energy.
For quark matter, the energy associated with the surface condition is not essential when
compared to the energy content of the interior, and it can be assumed that quarks exist
as a Fermi gas. Thus, the energy density and pressure of the quarks matter will consist
of two parts, the contribution of the bag and the kinetic motion of the quarks in the
confined region. Such Bag models are the simplest and are constructed from two main
characteristics of QCD: confinement (hadrons composed of confined quarks) and asymp-
totic freedom where the interaction between the quarks becomes weak at small distances
between them.
In the MIT Bag model, strange matter in bulk is parameterized by Bag constant
B, strange quark mass ms, and the QCD coupling constant αc, which represents the
interaction among quarks. The thermodynamic potential Ω to first order in the strong
interaction coupling constant αc can be given as,
Ω = Ωq + ΩL +B. (3.23)
CHAPTER 3. NEUTRON STAR EQUATIONS OF STATE 45
where we labeled q and L the quarks and leptons, respectively. For Ωq we have
Ωq =
∑
i=u,d,s
{
Ωi − gi
6
[
7
60
pi2T 4
(
50αc
21pi
)
+
(
1
2
T 2µ2i +
1
4pi2
µ4i
)(
2αc
pi
)]}
(3.24)
with
Ωi =
1
3
gi
2pi2
∫ ∞
0
k
∂Ei
∂k
[
fi + f¯i
]
k2dk (3.25)
here, Ei = (m2i + k2i )
1/2 is the quark energy i, fi = [1 + exp((Ei − µi)/T )]−1 is the Fermi-
Dirac distribution function for temperature T , and µi is the chemical potential of quark
i. The degeneracy factor is gi = 2(spin)× 3(color) = 6 for quarks and antiquarks.
On the other hand, the contribution of the leptons is given by the integral ΩL are
ΩL =
∑
l
1
3
gL
2pi2
∫ ∞
0
k
∂Ei
∂k
[
fi + f¯i
]
k2dk, (3.26)
in this case, the degeneracy factor is gL = 2(spin) for electrons, µ, and gL = 1 for
(left-handed) neutrinos and antineutrinos.
Consequently, the thermodynamic properties such as the particle number densities,
baryon number density, energy density, and pressure are given by
nf = −∂Ωf
∂µf
(3.27)
nB =
1
3
∑
f=u,d,s
nf (3.28)
εq = B +
∑
i
(Ωi + µini) (3.29)
Pq = −B −
∑
i
Ωi (3.30)
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Name Symbol Mass (MeV) Charge
up u 3 2/3
down d 5 -1/3
strange s 150 -1/3
electron e− 0 -1
muon µ− 106 -1
tau τ− 1777 -1
electron neutrino νe 0 0
muon neutrino νµ 0 0
tau neutrino ντ 0 0
Table 3.3: The three quarks and the leptons used in this work, their masses and electric
charges. Note that we admit electrons and neutrinos as massless particles, and we consider
a null chemical potential for muon and tau neutrinos (i.e. µνµ = µντ = 0). In addition,
we will assume that taus are always in β-equilibrium with the star’s matter.
In this work, we assume particle masses shown in Table 3.3. Neutrinos and electrons
have their masses neglected in our calculations. In general, the above expressions must
be calculated numerically. However, we can derive a simple analytic expression for the
pressure, the energy density, and other properties for the massless particles, as shown
below.
• Massless Fermions Approximation
We can obtain an analytic expression of the Equation 3.25, if the particles are
massless mi = 0, then
Ω0i =
∫ ∞
0
[
1
1 + e
k−µi
T
+
1
1 + e
k+µi
T
]
k3dk, (3.31)
now, using k− = k−µiT , k+ =
k+µi
T
and ki,0 = µiT ,
Ω0i =
∫ ∞
−ki,0
T 4 (k− + ki,0)
3 dk−
1 + ek−
+
∫ ∞
ki,0
T 4 (k+ − ki,0)3 dk+
1 + ek+
. (3.32)
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After some algebra, the result is
Ω0i = −T 4
{∫ ki,0
0
k3− − 3k2−ki,0 + 3k−k2i,0 − k3i,0
1 + e−k−
dk− +∫ ki,0
0
k3+ − 3k2+ki,0 + 3k+k2i,0 − k3i,0
1 + ek+
dk+ − 2
∫ ∞
0
k3− + 3k−k
2
i,0
1 + ek−
dk−
}
(3.33)
in the last term, we can use the standard integrals,∫ ∞
0
dx
x
1 + ex
=
pi2
12
∫ ∞
0
dx
x3
1 + ex
=
7pi2
120
so,
Ω0i =
7
60
pi4T 4 +
pi2
2
µ2iT
2 − T 4
∫ ki,0
0
dk′
(
k′3 − 3k′2ki,0 + 3k′k2i,0 − k3i,0
)
(3.34)
where k− → k′ and k+ → k′. Finally, we obtain the explicit form
Ω0i =
gi
6
(
7
60
pi2T 4 +
1
2
T 2µ2i +
1
4pi2
µ4i
)
, (3.35)
Taking account of all the above considerations, we have that the equation of state for the
MIT Bag model, will be:
Pq =
1
pi2
∑
i=u,d,s,µ
∫ ∞
0
k
∂Ei
∂k
[
fi + f¯i
]
k2dk
−
∑
i=u,d,s
[
7
60
pi2T 4
(
50αc
21pi
)
+
(
1
2
µ2iT
2 +
1
4pi2
µ4i
)(
2αc
pi
)]
+
∑
l
gL
6
[
7
60
pi2T 4 +
1
2
µ2l T
2 +
1
4pi2
µ4l
]
−B (3.36)
εq =
3
pi2
∑
i=u,d,s,µ
∫ ∞
0
Ei
[
fi + f¯i
]
k2dk
−
∑
i=u,d,s
[
7
20
pi2T 4
(
50αc
21pi
)
+
(
3
2
µ2iT
2 +
3
4pi2
µ4i
)(
2αc
pi
)]
+
∑
l
gL
2
[
7
60
pi2T 4 +
1
2
µ2l T
2 +
1
4pi2
µ4l
]
+B (3.37)
where l = e, µ, τ, νe, νµ and ντ . As already remarked, the MIT bag model has three free
parameters Bag constant B, strange quark mass ms, and the strong coupling constant αc.
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3.2.1 Electric charge neutrality and Chemical equilibrium
We have derived expressions for the pressure, energy density, particle number, and
baryon number density of quark matter in terms of the particle’s chemical potentials and
the temperature. However, chemical potentials are not all independent. So, we must
consider neutrality of electric charge, which implies
2nu − nd − ns − 3ne − 3nµ − 3nτ = 0. (3.38)
When the system is in equilibrium under weak interactions, that is, when strangeness
quantum number of quarks is conserved in the system, the relationships between the
quark chemical potentials are determined solely by conservation of electric charge and
baryon charge. In consequence, we get the following chemical equilibrium conditions,
µd = µu + µe,
µs = µd,
µµ = µe − µνe + µνµ .
(3.39)
the last equation is not valid for quark matter that is out of equilibrium.
Note that in this subsection, we assumed chemical equilibrium and the conservation
of electric charge on the MIT Bag model, in the same way as was studied in Section 3.1
for the hadronic matter where we discussed the condition of chemical equilibrium and the
conservation of electric charge given by Equation 3.20 and Equation 3.21, respectively.
3.2.2 The strange quark matter hypothesis
For the nuclear matter, the most stable atomic nuclei are those of 56Fe and 60Ni,
which constitute the fundamental state of nuclear matter. However, for high densities,
the matter of deconfined quarks is predicted, and in our calculations we need to verify
its stability. The theoretical possibility that matter composed of quarks up u, down
d and strange s, denominated strange quark matter (SQM), may constitute the actual
ground state of the strong interaction was proposed by Witten [76], and Bodmer [96]. In
the Figure 3.5, we see a schematic illustration of the strange matter hypothesis, which
compares the energy per baryon of nuclei of 56Fe and infinite nuclear matter with the
energy per baryon of two and three-flavor quark matter.
CHAPTER 3. NEUTRON STAR EQUATIONS OF STATE 49
Figure 3.5: Comparison among the energy per baryon of 56Fe-nucleus and nuclear matter, com-
posed for two-flavor with u, d quarks and three-flavor starnge quar matter (SQM) with u, d, s
quarks. Thus, the energy per baryon of strange quark matter may be below of energy per baryon
of 56Fe-nucleus (930 MeV), reason for the SQM to be more stable than nuclear matter.
Theoretically, the energy of three-flavor quark matter may be smaller than 930MeV ,
in this case strange matter would be more stable than nuclear matter and atomic nuclei.
Moreover, three-flavor quark matter is always lower in energy than two-flavor quark matter
due to Fermi state extra, accessible to the strange quarks. If the theory of strange matter
is correct, it would have implications of fundamental importance for our understanding of
the early universe, its evolution in time to the present day, compact astrophysical objects,
and laboratory physics.
Right after Witten’s paper [76], Farhi and Jaffe investigated the question of absolutely
stable SQM within the MIT bag model. They treated the Bag constant B, the strange
quark mass ms, and αc as free parameters and found a reasonable window (gray region)
for which SQM is stable compared to the 56Fe-nucleus. This is illustrated in Figure 3.6.
The blank regions, to the right of the E1=939 MeV (nucleon mass MN=939 MeV) curve
and to the left of the vertical line, correspond to the non-stable regions. We show for two
cases, αc =0.0 and 0.3, the contours in the plane (ms, B) for constant values of E/nB,
where E/nB is the energy per baryon of strange matter. To the left of the vertical line,
nuclei with high atomic numbers would be unstable against decay into non-strange quark
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matter, and to the right of the contour with E1=939 MeV strange matter is unstable. In
the gray region, we see several values of Ei for which SQM is absolutely stable. Besides,
we assumed the middle value of the range (ms = 100-200 MeV) suggested by [97], for the
strange quark mass ms = 150 MeV. Hence, for αs = 0 (left panel 3.6) the allowed range
of values of Bag constant is about 60 MeVfm−3 ≤ B ≤ 78 MeVfm−3. Note that for larger
values of ms, the upper limit of B becomes reduced, while increasing αc (right panel 3.6)
both, upper and lower limit, is shifted to lower values.
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Figure 3.6: The stability windows of SQM in the (ms, B)-plane at zero temperature. The curves
had been calculated for various values of E/nB: 939, 909, 879, 849 MeV, which are represented
by E1, E2, E3, and E4 respectively. The vertical line represents the minimum value of the Bag
constant for the stability of the SQM. Blue points are the threshold values for ms = 150 MeV.
Consider these limits, we used the combinations of extreme allowed values for the
parameters: αc = 0.0 and 0.3 and Bag constant B=60 MeVfm−3, and B=78 MeVfm−3
(Blue dots inside the stability window in Figure 3.6). Notice that we excluded the pair
(α = 0.3, B=78 MeV fm−3), since it is outside SQM stable range. The strange quark
mass was fixed at ms=150 MeV. Table 3.4 summarizes these choices for our studies all
along this work.
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Model I Model II Model III
B (MeVfm−3) 60 78 60
αc 0.0 0.0 0.3
Table 3.4: Parameters of the MIT Bag model to describe of the quark matter equation of
state. We used the particles masses listed in Table 3.3.
3.2.3 The MIT model and the structure of quark stars
We can solve the structure equations considering the EoS of the MIT Bag model
similarly as it was done for the Walecka model in the previous subsection 3.1.1. Again,
by varying the central pressure Pc, within a reasonable interval, yields the curve M(R) in
the mass-radius plane. Now, the curve depends on the chosen Bag constant and the αc
of the MIT Bag model, which are shown in Table 3.4.
Figures 3.7 and 3.8 show the relation of the total mass and the radius to stars described
by the MIT Bag model. In Figure 3.7, we have a star without neutrinos trapped, with a
temperature of T ≈ 0 MeV2. Here, we consider different values for B and αc. We see that
the star’s maximum mass is higher when we use αc = 0.0 for the B fixed.
On the other hand, in Figure 3.8, when decreasing B we will have a greater maximum
mass. For B=60 MeVfm−3 the maximum mass is the order of 1.83 M, and B=78
MeVfm−3 is the order of 1.62 M.
2Assuming an EoS descrtibing a cold neutron star, i.e. with temperature T ≈ 0MeV = 10−4 MeV
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Figure 3.7: Neutron star mass-radius diagram with T ≈ 0 MeV for one value of the Bag constant,
B=60 MeVfm−3, with two values of αc. Here, we do not consider trapped neutrinos.
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Figure 3.8: Neutron star mass-radius diagram with T ≈ 0 MeV for two values of the Bag constant,
B=60 MeVfm−3, and B=78 MeVfm−3 and one value of αc. Here, we do not consider trapped
neutrinos.
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The different EoS mentioned in Sections 3.2 and 3.2 can lead to quite different depen-
dencies between the mass and the radius of compact stars. An example has been shown
in Figure 3.2: the EoS for exotic matter stars is much softer than the EoS for a regular
nuclear matter star, leading to much smaller maximum masses. On the other hand, the
quark matter star can lead to larger masses (cf. Figures 3.7 and 3.8), but generally, even
quark matter tends to soften the EoS as compared to regular nuclear matter. On the
other hand, there are regions of the M(R) (in particular small masses and small radii),
that cannot be reached by hadronic stars but only by strange stars, whose radii increase
with increasing mass.
Note that the maximum masses Mmax of the hadronic stars shown in Table 3.2, are
compatible with the masses of the pulsars PSR J1614-2230 with 1.97± 0.04M [98] and
PSR J0348+0432 with 2.01±0.04M [99], with except for GMhyp, GM3hyp+ ν. For the
quark stars, we see that the maximum masses are very low.
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Chapter 4
Quark matter time evolution
4.1 Deconfinement Transition
For several decades now, it has been suggested that nucleons may melt under the
enormous pressure that exists in the core of neutron stars, creating a new state of matter
known as quark matter [55, 76, 100]. From simple geometrical considerations, taking
as a characteristic nucleon radius rN ∼ 1 fm, nucleons may begin to touch each other
in nuclear matter at densities ∼ (4pir3N/3)−1 ' 0.24 fm−3, which is less than twice the
baryon number density n0 of ordinary nuclear matter. Therefore, we can speculate that
the hadrons of neutron star matter begin to dissolve at densities somewhere between
around 2− 10n0, giving way to deconfined quark matter.
This phase transition from confined hadronic (h) matter to deconfined quark (q) matter
is characterized by the conservation of baryon charge and electric charge. We apply the
Gibbs criteria, i.e., equality of pressure, temperature, and Gibbs energy per baryon in
both phases, that is
Pq = Ph , Tq = Th , Gq = Gh , (4.1)
where the Gibbs energy per baryon in the two phases is
Gj =
∑
i
Y ji µi (4.2)
with Y ji = (ni/nB)j is the abundance of each particle, the sum goes over all particles
composing each phase ( i.e. for hadronic matter i = n, p, Λ, Σ+, Σ0, Σ−, Ξ−, Ξ0, e, µ,
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νe, νµ and for quark matter i = u, d, s, e, µ, νe, νµ).
Additionally, the deconfinement of hadronic matter is a process that occurs in a very
fast timescale ∼ 10−23s, which is typical of strong interactions, in contrast with the much
longer time for the weak interactions to take place (∼ 10−8s), and the fraction of u, d, s,
e, µ, νe, νµ per baryon must be the same in the hadronic phase as well as in the quark
phase:
Y qi = Y
h
i , (4.3)
Note that for quark content of the hadronic phase particles, we have
Y hu = 2Yp + Yn + YΛ + 2YΣ+ + YΣ0 + YΞ0 , (4.4)
Y hd = Yp + 2Yn + YΛ + YΣ0 + 2YΣ− + YΞ− , (4.5)
Y hs = YΛ + YΣ+ + YΣ0 + YΣ− + 2YΞ0 + 2YΞ− . (4.6)
In all these equations, the transition is determined by temperature and the value of
neutrino’s chemical potential µνe . Keep in mind that, since the hadronic phase is assumed
to be electrically neutral locally, flavor conservation ensures automatically the local charge
neutrality of the just deconfined quark phase.
According to numerical simulations [3, 53, 101], during the first seconds of evolution
of the protoneutron star, matter temperature is around to ≤ 60 MeV and the chemical
potential µhνe of the trapped neutrinos in the hadronic matter is around to ≤ 300 MeV
(these values vary on each star layer). Thus, in order to consider typical PNS conditions we
have solved Equations 4.1 together with the Equations 4.4, 4.5, and 4.6 and we implement
the different EoSs studied in the Chapter 3 for temperatures in the range 0-60 MeV and
µhνe in the range 0-300 MeV.
The curves in Figures 4.1, 4.2, 4.3 and 4.4 represent the temperature and mass-energy
density of the hadronic phase that allows the phase transition from hadronic to quark
matter assumed that the hadronic phase is described by the GM1hyp + νe (green lines)
and GM3hyp + νe (blue lines) models respectively. In Figures 4.1, 4.2 we made the
calculations considering three different values of the neutrino chemical potential in the
hadronic phase µhνe= 0, 150, 300 MeV. Besides, in Figures. 4.1 and 4.2 we assume the
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Bag constant B=60 MeV fm−3 (left figues) and B=78 MeV fm−3 (right figues). In both
figures we consider ms=150 MeV and αc = 0, and µhνµ = 0.
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Figure 4.1: Temperature versus the hadronic mass-energy density for GM1 model. Density is
given in units of the nuclear saturation density ρ0 = 2.7 × 1014 g cm−3. We assumed the Bag
constant as B=60 MeV fm−3 (left figure) and B=78 MeV fm−3 (right figure). The three curves
correspond to different electron neutrinos chemical potential in the hadronic matter µhνe= 0, 150,
and 300 MeV.
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Figure 4.2: The same as Figure 4.2 but for GM3 model.
On the other hand, in Figures 4.3 and 4.4 for GM1 and GM3 respectively, we show the
curves that represent the temperature and mass-energy density of the hadronic phase for a
value of B=60 MeV fm−3 and fixed neutrinos chemical potentials, µhνe=0 (left figures) and
µhνe=150 MeV (right figures), with two different values of αc= 0.0, 0.3 (see Section 3.2.2).
We notice that the increase of αc, push the deconfinement to higher densities, which is
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expected because increasing the value of αc increases the interaction among quarks. In
fact, in Figure 4.4 shown that for αc= 0.3, for low temperatures phase transition is only
possible for densities below 9 ρ0.
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Figure 4.3: Temperature versus the hadronic mass-energy density for GM1 model. We assumed
that the Bag constant is B=60 MeV fm−3 with αc = 0.0 and 0.3. We use the chemical potential
of the electron neutrinos in the hadronic matter µhνe= 0 MeV (left figure) and µ
h
νe= 0 MeV (right
figure).
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Figure 4.4: The same as Figure 4.3 but for GM3 model.
Finally, we can note that results for the hadronic EoSs GM1 and GM3, are similar
when using the constant B=60 MeV fm−3 for α=0 because the value of B is so low that
the phase transition is expected to occur at low densities. On the other hand, when we
consider B=78 MeV fm−3, α= 0.3 or µhν = 150 MeV, we see that for GM3, we require more
extreme conditions than with GM1, that is, higher mass-energy density so that the phase
CHAPTER 4. QUARK MATTER TIME EVOLUTION 58
transition can occur. Due to the fact that GM3 is more "soft" than GM1, therefore it is
necessary to have a higher mass-energy density to reach the phase transition pressure.
4.2 Formation of quark phases in compact stars
An intriguing question in the study of the formation of quark matter in a compact star
is: When and how occurs deconfinement of hadronic matter inside a compact star? In
the literature, several scenarios of deconfinement of hadronic matter have been discussed,
and we can group them in two categories [102, 103], depending on when the transition
takes place, these are:
• Deconfinement of the hadronic matter before deleptonization1 of the PNS.
• Deconfinement of hadronic matter during or after the deleptonization.
In the first scenario, the deconfinement from hadronic matter for quark matter could
already occur in the early postbounce phase of a core-collapse supernova. Furthermore,
the densities reached the core-collapse supernova are only moderately dependent on the
mass of the progenitor star; then, this first scenario is somewhat universal, affecting most
of the supernovae. However, its effect on the explosion can still depend on the mass of the
progenitor star. On the other hand, this case requires a soft EoS, since the formation of a
mixed phase of hadrons-quarks has to take place at relatively low densities. Nevertheless,
at the moment, it seems not possible to reconcile the criteria of a phase transition close
to a core-collapse supernova, with a soft EoS, since the lower bound on the neutron star
maximum mass requires a hard EoS at high densities [104].
In the second scenario, the phase transition takes place only after, at least partially,
deleptonization [52]. It is well known that when the pressure due to leptons decreases
(deleptonization), the central baryonic density in the star increases. Hence, the deconfine-
ment process becomes more natural. Because the transition occurs after the core-collapse,
we expect a temporal separation between the moment of core-collapse and the moment
1Deleptonization is the loss of leptons from a compact star, in this case, due to the neutrino emission
and decrease in the number of electrons.
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in which quark matter deconfine. This temporal separation could explain a few observed
features of Gamma-Ray Bursts, for example, the existence of very long resting times, that
have been observed in a few bursts, and also the possible existence of Gamma-Ray Bursts
for which no associated core-collapse supernova is observed.
In this work, we are interested in the second scenario, when the deconfinement of
hadronic matter takes place during or after the deleptonization. We choose to work with
the latter case and the study of the former is a perspective for future studies. We employ
results Pons et al. [3], where it was studied the thermal and chemical evolution during
phase of PNS, employing neutrino opacity that is consistently calculated with EOS GM1
and GM3. We consider T (M) and µhνe(M) profiles (see Figure 4.5) for each layer of the
protoneutron star. We use these profiles, because, at this moment, the energy released by
the neutrons reach an equilibrium, that is, at the end of the PNS cooling, which favors
the phase transition.
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Figure 4.5: Temperature and electronic neutrino profiles of a protoneutron star with mass 1.6
M (adapted from [3]).
Next, for Th(M) and µhνe(M) profiles, using the Gibbs criteria, we compute the mass-
energy density εpt at which phase transition occurs, and we compare it with the mass-
energy density εh of the interface layer considered inside PNS.
In Figures. 4.6 and 4.7 for GM1 and GM3 respectively, we show the ε = εh−εpt profile
as a function of the star mass for B=60 and 78 MeV fm−3, and αc =0 and 0.3. When
ε < 0, the star is not compressed enough for the phase transition to occur. However, if
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ε > 0, the star should undergo the phase transition of hadronic matter to quark matter
into the protoneutron star.
Note that for B=60 MeV fm−3 and αc = 0, we see that this value is so low allowing
the phase transition occurs in the whole star. On the other hand, considering B=78 MeV
fm−3 and αc = 0, the phase transition is expected only at higher densities. In particular,
the star initially undergoes the phase transition to quark matter in a restricted region of
the inner core, and then this quark matter is propagated to the star’s surface.
Besides, we see that for αc = 0.3 and B=60 MeV fm−3 the transition is expected at
higher densities as we show in 4.3 and 4.3. In particular, the PNS is not expected to suffer
the transition to quark matter. Therefore, we do not use the αc = 0.3 value henceforth.
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Figure 4.6: The energy density ε = εh − εpt profile as a function of the star mass (εh is the
the mass-energy density and εpt is the mass-energy density of deconfinement phase transition).
Here, we assumed GM1 model for the hadronic matter, Bag constant B=60, and 78 MeV fm−3
with αc=0 and 0.3. Note that, if ε > 0, then the star has reached a state that should undergo
the phase transition.
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Figure 4.7: The same as Figure 4.6 but considering the GM3 model.
4.3 The Boltzmann Transport Equation
We use the Boltzmann transport equation (BE) to describe quark matter as it decays
behind the interface between the hadronic to quark matter which propagates outwards
the NS radius. To have a clear picture of the Boltzmann equation, in a first approach, lets
consider a gas of u, d, s quarks, electrons, muon, tau, electron neutrino, muon neutrino
and tau neutrino (and the respective antiparticles) in which the particles interact with
each other through weak interactions. Further, we are not interested in the motion of
each particle in detail, but rather in the evolution of the distribution function f of each
particle species. For this purpose, lets consider particles experiencing an external force F
(fields, but not due to other particles). At time t some number of particles are position r
within element d3r and with momentum p within d3p. If a force F instantly acts on each
particle, Then at time t + dt their position will be r + dr = r + pdt/m and momentum
p+ dp = p+ Fdt. Now, in the absence of collisions, f must satisfy
fi(r+ pdt/m,p+ Fdt, t+ dt)drdp = fi(r,p, t)drdp, (4.7)
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Then, we can write the differences df as
dfi =
∂fi
∂t
dt+
(
∂fi
∂x
dx+
∂fi
∂y
dy +
∂fi
∂z
dz
)
+
(
∂fi
∂px
dpx +
∂fi
∂py
dpy +
∂fi
∂pz
dpz
)
=
∂fi
∂t
dt+ dr · ∇rfi + dp · ∂fi
∂p
=
(
∂
∂t
+
pi
mi
· ∇r + F · ∇p
)
fidt.
or
dfi
dt
=
(
∂
∂t
+
pi
mi
· ∇r + F · ∇p
)
fi = 0. (4.8)
this last equation states the continuity in the phase space. We use the fact that dfi
dt
= 0,
following Equation 4.7.
Nevertheless, there are interactions since particles collide with other particles. These
interactions can scatter fermions in and out of there the phase space trajectories, and on
the right side of the above equation a term is added to incorporate this,(
∂
∂t
+
pi
mi
· ∇r + F · ∇p
)
fi =
(
∂fi
∂t
)
coll
. (4.9)
where the right side of the equation represents the effect of collisions between the particles,
and the first term on the left side represents the explicit time variation of fi, the second
term gives the spatial variation, and the third term describes the effect of any force F
acting on the particles. Equation 4.9 is the Boltzmann equation used in this work.
In this work, when using the Boltzmann equation, we shall neglect any external fields.
Integrating over the momenta of particle i, we have(
∂ni
∂t
+
1
mi
∂ji
∂r
)
=
∑
j
Γji (4.10)
where ni is the number density of particle i, ji = 4pi
∫
p3i dpifi, and Γji is the rate of decay
or production of the particle i with i= u, d, s, e, µ, νe, νµ due to the process j. Since
the invariant rest mass of the tau is high when comparing to typical energies inside the
NS, they are not considered in our calculations. Moreover, we assume that taus are in
β-equilibrium with matter and tau neutrino chemical potential µντ = 0. Here, we consider
the Γji calculated as follows:
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The rate of decay or production of particles
Following the deconfinement phase transition in a proto-neutron star, deconfined quark
matter will tend to equilibrium through the following weak interaction processes:
u+ e− ↔ d+ νe (4.11)
u+ e− ↔ s+ νe (4.12)
u+ µ− → d+ νµ (4.13)
u+ µ− → s+ νµ (4.14)
u+ d↔ u+ s (4.15)
we calculated the reaction rate for all the above weak interaction processes relevant in
the PNS conditions. In our calculations, we considered that electrons and all quarks are
degenerate, and we do not make any approximation about the degeneracy of neutrinos.
a) Reaction rate for process u+ e− ↔ d+ νe
Reaction rate for the electron capture (direct process) u+ e− → d+ νe is given by
Γdir1 = 6
∫ 4∏
i=1
[
d3pi
(2pi)3 2Ei
]
(2pi)4 δ4 (P1 + P2 − P3 − P4)
〈|M|2〉S, (4.16)
here i =1, 2, 3, 4 represent u, e−, d and νe respectively, Pi = (Ei,pi) is the four-
momentum of the fermion i, S = f3 (1− f1) (1− f2) (1− f4), fi is the Fermi-Dirac
distribution, we will assume ~ = c = kB = 1 and
〈|M|2〉 is the squared invariant
amplitude averaged over the initial d quark spin (σ3) and summed over the final spins
of the u quark (σ1) and the electron (σ2), that is〈|M|2〉 ≡ 1
2
∑
σ1σ3σ4
|Mfi|2 = 64G2F cos2 θC (P1 · P2) (P3 · P4) , (4.17)
where GF is the Fermi constant and θC is the Cabibbo angle.
Inside a compact star, the density is huge. Therefore it is a good approximation
to consider all fermions but neutrinos as degenerated2. Thus, because of energy-
momentum conservation, the process u + e− → d + νe involves particles u, e− and
2That is, we consider that particle energy is equal to their chemical potential.
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d that are very close to their respective Fermi surfaces. In view of that, we can
simplify the expression for
〈|M|2〉 by replacing the particle momenta (energies) by the
corresponding Fermi momenta (chemical potentials). Notice that we are not using this
approximation in the Fermi blocking factors, nor in the delta function. Additionally,
we write the phase space element as d3pi = p(i)2dpidΩi = p(i)EidEidΩi with p(i) =√
E2i −m2i , where dΩi is an element of solid angle. Therefore, we have,
Γ1 =
3G2F
2pi5
cos2 θC
∫ ∞
m4
dE4
A1(E4)J (µ1, µ2, µ3, E4)
1 + exp ((µ4 − E4) /T ) , (4.18)
where A1 and the angular integral J are given by B.3 and B.19, respectively. Replacing
Equations B.19 and B.3 we have,
Γdir1 =
6G2F
pi6
cos2 θCT 5µ1µ2µ3
∫ (µ4−m4)/T
−∞
dx
(µ4/T − x)2
(
(x+ ξ1)
2 + pi2
)
(ex + 1) (e−x−ξ1 + 1)
κ2(x, µ4),
(4.19)
and
κ2(x, µ4) =
1
µ4 − Tx
∫ ∞
0
1
y2
dy
{
sin[(µ4 − Tx)y]
3∏
i=1
sin[pF (i)y] + c3gx (4)
3∏
i=1
g (i) +
c1g (1) g (2) sin[pF (3)y] sin[(µ4 − Tx)y] + c2g (3) gx (4) sin[pF (1)y] sin[pF (2)y]} ,
(4.20)
with gx (4) = cos[(µ4−Tx)y]− sin[(µ4−Tx)y](µ4−Tx)y . Recalling the labeling of the particles, and
assuming that the electron and the neutrino are massless, we get:
Γdir1 =
6G2F
pi6
cos2 θCT 5µdµuµl
∫ µνe/T
−∞
dx
(µνe/T − x)2
(
(x+ ξd)
2 + pi2
)
(ex + 1) (e−x−ξd + 1)
κ2(x, µνe),
(4.21)
where ξd = (µu + µl − µd − µνe)/T , c1 = pF (u)/µu and c2 = pF (d)/µd with c3 = c1c2.
The reaction rate for the reverse process u + e− ← d + νe is related to the reaction
rate of the direct process by
Γrev1 = e
−ξdΓdir1 (4.22)
b) Reaction rate for process u+ e− ↔ s+ νe
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The abundance of s quarks increases by the nonleptonic process u+ d↔ u+ s. This
happens very fast, and soon the s quark degenerate sea gets populated. Thus, it is a
reasonable approximation to treat the s quarks as degenerate, and the reaction rate
for the direct process u + e− → s + νe can be obtained by replacing ξd with ξs and
cos θC with sin θC , where ξs = (µu + µe − µs − µνe)/T in Equation 4.21. Then,
Γdir2 =
6G2F
pi6
sin2 θCT 5µsµuµl
∫ µνe/T
−∞
dx
(µνe/T − x)2
(
(x+ ξs)
2 + pi2
)
(ex + 1) (e−x−ξs + 1)
κ2(x, µνe),
(4.23)
with c1 = pF (u)/µu, c2 = pF (s)/µs and c3 = c1c2. The same as Equation 4.22, we have
the reaction rate for the reverse process u+ e− ← s+ νe is
Γrev2 = e
−ξsΓdir2 (4.24)
For the processes u+µ− → d+ νµ and u+µ− → s+ νµ, we use the rate Γdir1 , and Γdir2
replacing µνe , µe for µνµ = 0, µµ and we do not consider the reverse processes, because
we do not consider muon neutrino trapping.
c) Reaction Rate for the Nonleptonic Process u+ d↔ u+ s
For the direct reaction u+ d→ u+ s,
Γdir3 = 36
∫ 4∏
i=1
[
d3pi
(2pi)3 2Ei
]
(2pi)4 δ4 (P1 + P2 − P3 − P4)
〈|M|2〉S (4.25)
where i=1, 2, 3, 4 represent u, d, u and s respectively, S = f (p1) f (p2) [1− f (p3)] [1− f (p4)]
and 〈|M|2〉 = 64G2F sin2 θCcos2 θC (P1 · P2) (P3 · P4) . (4.26)
Then, similarly to the previous subsection, we get
Γdir3 =
36G2F
pi5
sin2 θC cos2 θCT 3
∫ (µ4−m4)/T
−∞
dx((x+ ξ)2 + pi2)
(1 + ex) (e−x−ξ + 1)
J (µ1, µ2, µ3, µ4 − Tx) ,
(4.27)
where ξ = (µd − µs)/T and the angular integral J is given by B.19. So, replacing the
correct indices we obtain
Γdir3 =
36G2F
pi6
sin2 θCcos2 θCT 5µ2uµdκ (ξ) , (4.28)
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where
κ (ξ) =
∫ (µs−ms)/T
−∞
(µs/T − x)
√
(µs/T − x)2 −m2s/T 2
(x+ ξ)2 + pi2
(ex + 1) (e−x−ξ + 1)
κ3(x, µs)dx,
(4.29)
with
κ3(x, µs) =
1√
(µs − Tx)2 −m2s
∫ ∞
0
dy
y2
{
sin
[
y
√
(µs − Tx)2 −m2s
] 3∏
i=1
sin pF (i)y +
c1g (1) g (2) sin pF (3)y sin
[
y
√
(µs − Tx)2 −m2s
]
+
c2g (3) gx (4) sin pF (1)y sin pF (2)y + c3gx (4)
3∏
i=1
g (i)
}
,
(4.30)
being gx (4) = cos
[
y
√
(µs − Tx)2 −m2s
]
− sin
[
y
√
(µs−Tx)2−m2s
]
y
√
(µs−Tx)2−m2s
.
On the other hand, the reverse process u+ d← u+ s is given by Γrev3 = e−ξΓdir3 .
4.4 Temperature time evolution
The formation of the quark phase leads mainly to a strong reheating of matter into
the compact star. We can thus assume that system temperature should increase. For
this, we use the first law of thermodynamics,
d
(

nB
)
= −Pd
(
1
nB
)
+ Tds+
∑
i
µidYi. (4.31)
where nB is the number density of baryons, ε is the total energy density, P is the pressure,
s is the system entropy, µi, and Yi are the particle chemical potential and abundance. In
our case, the number density of baryons is conserved d (1/nB) = 0, and also the total
energy density per baryon d (ε/nB) = 0.
Differentiating in time
T
(
∂s
∂T
)
µ
dT
dt
= − T
∑
i
(
∂s
∂µi
)
T
dµi
dt
−
∑
i
µi
dYi
dt
. (4.32)
and using
dni
dt
=
(
∂ni
∂T
)
µ
dT
dt
+
(
∂ni
∂µi
)
T
dµi
dt
, (4.33)
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we have
α
dT
dt
=
∑
i
nBT
(
∂s/∂µi
)
T(
∂ni/∂µi
)
T
dYi
dt
+
∑
i
µi
dYi
dt
, (4.34)
with
α ≡ T
[∑
i
(
∂s/∂µi
)
T(
∂ni/∂µi
)
T
(
∂ni
∂T
)
µ
−
(
∂s
∂T
)
µ
]
(4.35)
Finally, notice that the above expression only contains time derivatives of the temperature
T and the particle abundances Yi.
4.5 Results: the center of the NS after the deconfine-
ment
Once the phase transition occurs in the PNS, even in a very tiny region, the diffusion of
strange quarks from this region denominated “seed” [105, 106] to the surrounding hadronic
matter works as a “combustion” (we will sometimes refer to the conversion as “burning”
and to the conversion front as “flame front”3 converting hadrons into strange quark matter.
It is expected to occur only as an exothermic process, i.e. if the conversion releases energy.
Besides, the conversion should take place in a confined region (core), and on length-scales
small compared to the size of the star. This conversion or combustion can take place either
as a supersonic detonation (laminar or turbulent) [107, 108] driven by a shock wave or
as a subsonic deflagration driven by diffusion processes [51, 109, 110, 111, 112]. The first
attempts to estimates the laminar burning velocity vflamelam (about 10
3cm/s to 104cm/s)
for a deflagration was made by Olinto [107] and, with similar results, by Heiselberg et
a l. [113], assuming in calculations the diffusion of strange quarks and the equilibium
of the quark matter via weak interactions. Besides, vflamelam values are rather low, which
would lead to a wide range of neutron star conversion timescales from milliseconds to
several minutes. As shown by Olesen et al. [114], assuming the combustion of a NS
using a one-dimensional model with laminar burning velocity, the conversion timescales
range from 10−1s to 102s. In contrast, recent one-dimensional hydrodynamic simulations
of combustion, it made by Niebergal et al. [115] showed that laminar burning velocities
3This term has already been introduced at the very beggining of section 4.3.
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much higher than the velocities calculated by Olinto[107] and, Heiselberg et al. [108].
With a typical value velocity found to be between 108cm/s and 109cm/s. Nevertheless,
deflagration fronts can are subject to several instabilities [116], which lead to wrinkling
of the flame and an increased combustion area, which may cause a strong combustion
flame acceleration. In other works [111, 117] the authors present three-dimensional hy-
drodynamic non-relativistic simulations the have shown that combustion turns out to be
turbulent due to the growth of buoyancy instabilities. Moreover, turbulence enhances the
burning velocity, leading to short neutron star conversion time scales of a few milliseconds.
For a complete formulation of this problem, we should involve numerical simulations
together general relativistic hydrodynamics and a detailed description of the equations of
state, neutrino interactions, and neutrino transport. Here, we need only a good approxi-
mation of how the combustion flame is propagated through the NS, since our focus is on
the neutrinos behind the flame, then we neglect the effects related to the conversion front,
that is, the star’s matter is converted instantly in quark matter, and we will adopt the
following simplifying assumptions: We will consider the results shown in the Figures 4.6
and 4.7, that is, for B=60 and 78 MeV fm−3 with α=0.0 the whole PNS undergoes the
phase transition, and for B=60 MeV fm−3 with α=0.3 we do not have a phase transition
in the neutron star. For the initial quark matter conditions, we will consider the tem-
perature profiles T (P ), leptonic abundance YL(P ), and quark abundance Y q(P ), equal
in the two phases with this initial condition, where P is the pressure of each star’s layer.
Moreover, we assume thermal equilibrium between the phases, leptonic number conser-
vation (because all possible processes in the phases transition should conserve the lepton
number) and baryon number conservation (Yu + Yd + Ys = 3). These assumptions lead to
several simplifications: we will not solve combustion flame propagation but just the one
describing the new state of neutron star matter, with the known profiles in the hadronic
neutron star.
The evolution of quark matter towards chemical equilibrium in a PNS is governed by
processes 4.11, 4.12, and 4.15 and we will use the Equations 4.10 and 4.34 to describe the
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behavior of quark matter,(
∂nu
∂t
+
1
mu
∂ju
∂r
)
=
[−Γdir1 + Γrev1 − Γdir2 + Γrev2 ] ,(
∂nd
∂t
+
1
md
∂jd
∂r
)
=
[
Γdir1 + Γ
rev
1 − Γdir3 + Γrev3
]
,(
∂nµ
∂t
+
1
mµ
∂jµ
∂r
)
=
[−Γdir1 − Γdir2 ] (4.36)
and
α
dT
dt
=
∑
i
nBT
(
∂s/∂µi
)
T(
∂ni/∂µi
)
T
dYi
dt
+
∑
i
µi
dYi
dt
, (4.37)
where it is used baryon number conservation and electric charge neutrality
3 = Yu + Yd + Ys,
0 = 2nu − nd − ns − 3ne − 3nµ − 3nτ .
In the above formulae, the rates, particle number density and abundance were calcu-
lated as described in 4.3. Another consideration in our calculations is the assumption of
electron neutrino trapping during the short duration of the phase transition, translated
by
YL = Ye + Yνe .
Muon or tau neutrinos are not trapped.
An initial model is specified by choosing profiles, which connect the hadronic phase
with the quark phase. Using these profiles, we solve the structure equations 2.8 for radial
steps ∆r = 0.05km, and we determine the values for the particles abundance Yu(r),
Yd(r), Ys(r), Ye(r), Yνe(r), Yµ(r), and the temperature profile T(r). Then, solving the
Boltzmann equation for an initial time step ∆t0, we can obtain, in a first iteration, the
particle abundance profiles Y ′i (r), and the temperature profile T′(r) (for the total radius
of the PNS, r : 0 → R). In this step, the pressure is kept fixed for each star layer.
Now, using the values Y ′i (r), and T′(r), we solve the structural equations of the star in
hydrostatic equilibrium, to determine P ′(r) for each layer of the star.
Using this primed value for P ′(r), but the original values of Yi(r), and T(r), we
retake the time step ∆t0, thereby determining updated estimates, Y ′′i (r), and T′′(r) for
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at time ∆t0. This process is repeated until the convergence within the range given by
a prefixed value (see Figure 4.8). In particular, this iterative procedure was found to
converge rapidly, typically in 4 iterations. We have adopted initial time interval steps of
∆t0 = 10
−16s, and due to the variation of scale in the dynamics between 10−15s to 10−8s,
we used a time step of ∆ti+1 = 1.005×∆ti to keep regularity in the calculations.
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Initial:
Profiles of T (P ), YL(P ) and Yq(P )
in TOV
Assuming ∆t0
in BE
Assuming ∆r in TOV:
calculate P ′(r)
Assuming ∆t0 in BE:
calculate Y ′′i (r) and T ′′(r)
Does Y ′′i (r) and T ′′(r) converge?
End
P (r), Yi(r), and T (r)
Y ′i (r) and T ′(r)
P ′(r), Yi(r), and T (r)
No
Yes
Figure 4.8: Flowchart summarizing the sequence of the algorithm. This process is repeated until
the convergence of profiles Yi(r), and T(r). After we must adopt the next time step ∆t1 and we
repeat the algorithm again for ∆t1.
Note that we do not consider relativistic corrections in the Boltzmann transport equa-
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tion, because we are not studying the propagation of quarks and lepton gas through the
PNS. Here, we assume that each layer of the star has a pressure given by the structure
equations of the star to solve the Boltzmann transport equation 4.10.
In Figures 4.9 (GM1) and 4.10 (GM3), we see particles’ chemical potential on the
neutron star’s core as a function of time, considering Bag constant B=60 MeV fm−3 (left
panel) and 78 MeV fm−3 (right panel) and we used a strong-coupling constant values
αc =0.0 and ms = 150MeV . We show that following the phase transition into a neutron
star, the subsequent conversion to quark matter in β-equilibrium will significantly increase
the strange chemical potential µs and electron neutrino chemical potential in a timescale
of ∼ 10−8 s. Simultaneously, the chemical potential of the other particles decrease. These
results are similar to those obtained in the previous works [61, 62], where was considered
that the system is isotropic and homogeneous; that is, the term pi
mi
·∇r in Equations 4.36
were not taken into account.
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Figure 4.9: Particles’ chemical potential on the neutron star’s core as a function of time. We
assume Bag constant B=60 MeVfm−3 (left panel), and 78 MeV fm−3 (right panel) with the
strong-coupling constant αc =0.0 and the hadronic EoS for GM1 model.
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Figure 4.10: The same as Figure 4.9 but for GM3 model.
From Figures 4.11 (GM1) and 4.12 (GM3), one can conclude that the deconfinement
and the quark matter beta equilibrium will significantly increase the temperature T in
a timescale of ∼ 10−8s. In particular, the final temperature value is smaller when we
consider B=78 MeV fm−3. Besides, we have a difference between the final and the initial
temperatures ∆T = Tf − Ti around 10 MeV (GM1) and 6 MeV (GM3).
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Figure 4.11: Temperature T on the neutron star’s core as a function of time, we use the value
αc =0.0. For two values of the Bag constant, B=60 MeV fm−3, and B=78 MeV fm−3, and one
hadronic EoS GM1 model.
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Figure 4.12: The same as Figure 4.11 but for GM3 model.
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Additionally, in Figures 4.13 we show the lepton fraction YL(r) and entropy per baryon
s(r) profiles, as a function of star’s radius for the quark matter in β-equilibrium, using the
two chosen hadronic EoSs. For B=60 and 78 MeV fm−3, as mentioned in Section 4.2, we
consider that the whole star undergoes the phase transition and we obtain a quark star
with a radius and mass of 9.5(10.3) km and 1.0(1.4)M for B=60 MeV fm−3 and we have
the radius 7.8(8.8) km with a contained mass of 0.7(1.1)M for B=78 MeV fm−3 assumed
GM1(GM3). Note that for numerical convenience we decided to describe the profiles with
respect to the star’s radius and not with the star’s mass as assumed in Section 4.2s. Note
that the mass of the hadronic star decreases when considering the instantaneous phase
transition for the quark star, we will not consider this initial energy released by the loss of
mass, we interest is to study the energy released due to the interactions of the neutrinos
with matter.
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Figure 4.13: Entropy per baryon s(r) and lepton fraction YL(r) profiles as a function of star’s
radius for the quark matter in β-equlibrium for B=60 MeV fm−3 and α=0.0
CHAPTER 4. QUARK MATTER TIME EVOLUTION 76
 2
 3
 4
 5
 0  2  4  6  8  10
B=78 MeV fm-3
s
r[km]
GM1
GM3
 0
 0.1
 0.2
 0  2  4  6  8  10
B=78 MeV fm-3
Y L
r[km]
Figure 4.14: The same as Figure 4.13 but for B=78 MeV fm−3
4.6 Neutrino diffusion equations
In this section, we investigate the neutrino diffusion in the quark matter. As discussed
in Section 4.2, quark matter is present in the whole PNS for the case of B=60 MeV fm−3
and the case of B=78 MeV fm−3 where we consider the neutrino trapping only in the
quark matter.
We determine the neutrino transport equation following [3], which is obtained from
the Boltzmann equation 4.9. Using the relativistic formalism, for massless particles, we
have
pα
(
∂
∂xα
− Γγαβpβ
∂
∂pγ
)
f =
(
∂f
∂τ
)
coll
(4.38)
where the indices α, β, and γ take the values t, r, θ, and Φ. The function f is the invariant
particle distribution function, pα are the components of the particle four-momentum with
respect to the coordinate basis, and Γγαβ are the Christoffel symbols for the metric. The
dynamic term is in the equation’s left side and the collision term is the right one. This
last term is most easily evaluated in a comoving frame (with the matter). This implies in
rewriting the Equation 4.38 in terms of the four-momentum components of the particle
concerning the matter pa instead of the components in the coordinate basis. We use the
metric 2.1, then, the comoving basis ea satisfies ea · eb, with e0 = u representing the
four-velocity of matter, and taking u = (γe−φ, γve−Λ, 0, 0), where γ = (1− v2)−1/2 is the
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Lorentz factor, and v is the fluid velocity, e−Λ =
√
1− 2m
r
and eΦ =
√
1− 2m
r
. The
Boltzmann equation in the comoving basis is
pb
(
eαb
∂
∂xα
− Γabcpc
∂
∂pa
)
f =
(
∂f
∂τ
)
coll
(4.39)
where Γabc are called the Ricci rotation coefficients with (a, b, c ≡ 0, 1, 2, 3) and nonzero
Ricci coefficients in the spherically symmetric case are given by,
Γ 100 = Γ
0
01 = e
−φe−Λ
[
∂
(
γeφ
)
∂r
+
∂
(
γveΛ
)
∂t
]
Γ 011 = Γ
1
10 = e
−φe−Λ
[
∂
(
γeΛ
)
∂t
+
∂
(
γveφ
)
∂r
]
Γ 220 = Γ
0
22 = Γ
3
30 = Γ
0
33 = −vΓ 122 = vΓ 221 = −vΓ 133 = vΓ 331 =
γve−Λ
r
Γ 233 = −Γ 332 =
cotθ
r
(4.40)
Besides, in spherical symmetry, the components of the (massless) particle four-momentum
are
p0 = k, p1 = kµ, p2 = k
(
1− µ2)1/2 cos Φ, p3 = k (1− µ2)1/2 sin Φ, (4.41)
Here, we considered µ = cos θ, where θ is the angle the particle momentum with the radial
direction, and k is the particle energy. Now, using the Equations 4.40 and 4.41 in the
Equation 4.39, we have
k
[(
et0 + µe
t
1
) ∂f
∂t
+ (er0 + µe
r
1)
∂f
∂r
]
− k2 [µΓ100 + µ2Γ110 + (1− µ2)Γ220] ∂f∂k
−k (1− µ2) [Γ100 + Γ122 + µ (Γ110 − Γ220)] ∂f∂µ =
(
∂f
∂τ
)
coll
(4.42)
now, we can integrate over (µ),
k
[(
et0 + e
r
0
) ∂M0
∂t
+
(
et1 + e
r
1
) ∂M1
∂t
]
− k2
[
Γ220
∂M0
∂k
+ Γ100
∂M1
∂k
+
(
Γ110 − Γ220
) ∂M2
∂k
]
+k
[(
Γ110 − Γ220
)
(M0 − 3M1)− 2
(
Γ100 + Γ
1
22
)
M1
]
= Q0
(4.43)
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k
[(
et0 + e
r
0
) ∂M1
∂t
+
(
et1 + e
r
1
) ∂M2
∂t
]
− k2
[
Γ220
∂M1
∂k
+ Γ100
∂M2
∂k
+
(
Γ110 − Γ220
) ∂M3
∂k
]
+k
[
2
(
Γ110 − Γ220
)
(M1 − 2M3) +
(
Γ100 + Γ
1
22
)
(M0 − 3M2)
]
= Q1
(4.44)
where we defined the ith moment of the distribution function as
Mi =
1
2
∫ +1
−1
dµµif, (4.45)
and
Qi =
1
2
∫ +1
−1
dµµi
(
∂f
∂τ
)
coll
. (4.46)
Furthermore, integrating over the neutrino energy, multiplying by k2/2pi2 the Equation
4.43 and k3/2pi2 the Equation 4.44, we obtain the energy-averaged particle number and
energy transport equations:
(
et0 + e
r
0
) ∂Ni
∂t
+
(
et1 + e
r
1
) ∂Fi
∂t
+
(
Γ110 + 2Γ
2
20
)
Ni +
(
Γ100 − 2Γ122
)
Fi = SN (4.47)
and
(
et0 + e
r
0
) ∂Ji
∂t
+
(
et1 + e
r
1
) ∂Hi
∂t
+
(
Γ110 + 3Γ
2
20
)
Ji + 2
(
Γ100 − Γ122
)
Hi +
(
Γ110 − Γ220
)
Pi = SE
(4.48)
where
Ni =
1
4pi2
∫ ∞
0
dk k2M0, Fi =
1
4pi2
∫ ∞
0
dk k2M1,
Ji =
1
4pi2
∫ ∞
0
dk k3M0, Hi =
1
4pi2
∫ ∞
0
dk k3M1,
Pi =
1
4pi2
∫ ∞
0
dk k3M2, (4.49)
Ni, Fi, Ji, Hi, and Pi are the number density, number flux, the particle i energy density,
energy flux, and pressure, respectively, while
SN =
1
4pi2
∫ ∞
0
dk kQ0, SE =
1
4pi2
∫ ∞
0
dk k2Q1 (4.50)
are number source term, and the energy source term, respectively.
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The Equations 4.47 and 4.48 are called the transport equations. Note that the equa-
tions contain the general relativistic effects including fluid velocity terms for a spherically
symmetric star. To study dynamical problems such as core-collapse supernova, the trans-
port equations must be solved together with the hydrodynamical Equations 2.5, 2.6, 2.7,
and 2.8. However, for the PNS problem, fluid velocities are small enough that hydrostatic
equilibrium is nearly fulfilled, and we can consider the evolution in quasi-static regime.
In this case, the quasi-static evolution can be obtained by using the continuity equation
in Equations 4.47 and 4.48, neglecting terms of order v in the Γ abc, resulting in:
∂ (Ni/nB)
∂t
+
e−Λ
r2nB
∂
(
eφr2Fi
)
∂r
= eφ
SN
nB
(4.51)
and
∂ (εi/nB)
∂t
+ Pi
∂ (1/nB)
∂t
+
e−φe−Λ
r2nB
∂
(
e2φr2Hi
)
∂r
= eφ
SE
nB
(4.52)
where nB and r are the baryon number density and the star radius, respectively.
Into the proto-neutron star, we expected temperatures above several MeV and high
densities; thus, the source terms Qi are sufficiently strong to ensure that particles are
in thermal and chemical equilibrium with the star’s matter, that is Tmatter = Ti = T
and µi = µeqi . Thereby, the particle distribution function in these regions is both nearly
Fermi-Dirac and isotropic. We can approximate the distribution function as an expansion
in terms of Legendre polynomials to O(µ),
f (k, µ) = f0 (k) + µf1 (k) (4.53)
where f0 =
(
1 + e(k/T )−ηi
)
is the Fermi-Dirac distribution function at equilibrium with
ηi = µi/T , k the particle energy, and µi the particle chemical potential. Then, with the
later approximation, the moments Mi of f that appear in Equations 4.45 are M0 = f0,
M1 =
1
3
f1, M2 = 13f0, M3 =
1
5
f1.
Now, we intend to obtain a relation for f1 in terms of f0, for which again are neglected
all fluid velocity terms in Γ abc, and substituting these into the Equation 4.44. Moreover,
as the particle transport is driven by slowly varying spatial gradients in temperature and
chemical potential, we can also neglect the time derivative of f1, then
e−Λ
(
∂f0
∂r
− k∂φ
∂r
∂f0
∂k
)
= 3
Q1
k
(4.54)
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Now, lets consider the particle i as the neutrino. The interaction term between neutrinos
and matter is dominated by scattering with baryons (js) and leptons (λs), absorption by
baryons (ja), and emission due to electron capture processes (λa), so the collision term in
Equations 4.46 is (
∂f
∂τ
)
coll
= k
[
ja (1− f)− f
λa
+ js (1− f)− f
λs
]
(4.55)
using the above equation in Equations 4.46, then, one finds
Q0 = k
{
ja [1− f0 (k)]− f0 (k)
λs
+ κ0s
}
(4.56)
and
Q1 = −1
3
kf1 (k)
(
ja +
1
λs
+ κ1s
)
(4.57)
where the scattering contributions for Q0 is κ0s and for Q1 is κ1s. We substitute the above
expression for Q1 into Equation 4.54, getting the relation between f1 and f0,
f1 = −D (k) e−Λ
[
k
Teφ
∂
(
Teφ
)
∂r
+ T
∂ην
∂r
](
−∂f0
∂k
)
(4.58)
where D (k) =
(
ja +
1
λs
+ κ1s
)
is the total mean free path, and
∂f0
∂r
= −
(
k
T
∂T
∂r
+ T
∂ην
∂r
)
∂f0
∂k
(4.59)
Finally, the above expression for f1 into Equation 4.53, we have
f (k, µ) = f0 (k)− µD (k) e−Λ
[
k
Teφ
∂
(
Teφ
)
∂r
+ T
∂ην
∂r
](
−∂f0
∂k
)
. (4.60)
We substitute these into Equation 4.49,
Fν = −e
−φe−ΛT 2
6pi2
[
D3
∂
(
Teφ
)
∂r
+
(
Teφ
)
D2
∂η
∂r
]
(4.61)
Hν = −e
−φe−ΛT 3
6pi2
[
D4
∂
(
Teφ
)
∂r
+
(
Teφ
)
D3
∂η
∂r
]
(4.62)
where Dn is the diffusion coefficient
Dn =
∫ ∞
0
dx xnλνtot (xT ) f0 (xT ) [1− f0 (xT )] (4.63)
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and x = k/T , we assumend λνtot (k) = D (k) and we can write
λνtot =
( ∑
jreactions
σνj
V
)−1
. (4.64)
with the ν neutrino cross section of the j-th reaction is denoted with σνj .
The diffusion coefficients depend only on the microphysics of the neutrino-matter
interactions and for including all six neutrino types, we redefine the diffusion coefficients
as
D2 = D
νe
2 +D
ν¯e
2
D3 = D
νe
3 −Dν¯e3
D4 = D
νe
4 +D
ν¯e
4 + 4D
νµ
4 (4.65)
Hence, we arrive at the neutrino transport equations:
∂Yν
∂t
+
e−Λ
r2nB
∂
(
eφr2Fν
)
∂r
= eφ
SN
nB
(4.66)
and
∂ (εν/nB)
∂t
+ Pν
∂ (1/nB)
∂t
+
e−φe−Λ
r2nB
∂
(
e2φr2Hν
)
∂r
= eφ
SE
nB
(4.67)
On the other hand, we have that the number source term is equal to the variation electron
abundance, that is
∂Ye
∂t
= eφ
SN
nB
(4.68)
and the energy source term is combined with the energy density equation by
∂ (ε/nB)
∂t
+ P
∂ (1/nB)
∂t
= −eφSE
nB
. (4.69)
with P is the pressure, ε is energy density of the background particles fluid. Now, we
combine Equations 4.66 and 4.67 with Equations 4.68 and 4.69,
∂YL
∂t
=
e−Λ
r2nB
∂
(
eφr2Fν
)
∂r
(4.70)
and
T
∂s
∂t
+ µνe
∂YL
∂t
= −e
−2φe−Λ
r2nB
∂
(
e2φr2Hν
)
∂r
(4.71)
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where we used
∂ (ε/nB + εν/nB)
∂t
+ (P + Pν)
∂ (1/nB)
∂t
= T
∂s
∂t
+ µνe
∂YL
∂t
(4.72)
Now, we employ the stellar structure equation discussed in Section 2.1:
dP
dr
= −(ε+ P ) (m+ 4pir
3P )
r (r − 2m) (4.73)
dm
dr
= 4pir2ε (4.74)
dΦ
dr
=
m+ 4pir3P
r (r − 2m) (4.75)
da
dr
=
4pir2nb√
1− 2m/r , (4.76)
coupled with the neutrino transport equations 4.70 and 4.71. In particular, the neutrino
transport equations require boundary conditions. Both the energy and number fluxes must
be zero at the center, which is equivalent to imposing null gradients of the temperature
and chemical potential. At the surface, where P = 0, we can thus assume:
Fν = βFNν (4.77)
Hν = βHJν (4.78)
where βi is a geometric factor which measures the degree of anisotropy of the radiation
field at the surface. Values βi = 0.5 are usually considered for [3, 53, 101, 111].
Here, we implement the iterative procedure used in the last Section to solve the struc-
ture and transport equations simultaneously. Where the initial model is specified by
entropy s(r) and lepton fraction YL(r) shown in Figs 4.13 for B=60 MeV fm−3 and Fig-
ures 4.14 for B=78 MeV fm−3. Moreover, we must determine the neutrinos mean free
path (see Section 4.7), to couple structure and transport equations.
The above set of equations are used to obtain the neutrino luminosity Lν and the
signals in terrestrial detectors, which will be discussed in detail in the Chapters 5 and 6
respectively.
4.7 Neutrino cross sections
The system under consideration is a gas of fermions u, d, s, e−, µ−, τ−, νe, νµ, and
ντ (with the respective antiparticles). These particles interact with neutrinos through
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neutrino scattering or absortion as shown in Table 4.1. We consider reactions with neutral
current (NC) νl+p2 −→ νl−+p4 (neutrino-fermion scattering), and charged current (CC)
νl + p2 −→ l + p4 (neutrino-fermion absorption) reactions. Additionaly, we assume that
the only reaction between muon neutrino and quark matter is the scattering.
1 + 2↔ 3 + 4 V A
νe,µ + u→ νe,µ + u 12 − 43 sin2 θW 12
Neutral current νe,µ + d→ νe,µ + d −12 + 23 sin2 θW −12
νe,µ + s→ νe,µ + s −12 + 23 sin2 θW −12
νe + d→ e− + u cos θC cos θC
νe + s→ e− + u sin θC sin θC
Charged current ν¯e + u→ e+ + d cos θC -cos θC
ν¯e + u→ e+ + d sin θC -sin θC
νe + µ
− → νµ + e− 1 1
Table 4.1: Neutral and charged current vector couplings of electron neutrinos to fermions.
Here, θW is the weak mixing angle with sin θW = 0.231, and θC is the Cabibbo angle with
cos θC = 0.973. With A and V being the appropriate axial and vector coupling constants.
The corresponding values for reactions with antineutrinos are obtained by the replacement
A → −A.
From Fermi’s golden rule, the cross section per unit volume of matter or equivalently
the inverse collision mean free path is given by
σ (E1)
V
= g2
∫ 4∏
i=2
[
d3pi
(2pi)3 2Ei
]
(2pi)4
2E1
δ4 (P1 + P2 − P3 − P4)
〈|M|2〉S, (4.79)
where the subscripts i=1, 2, 3, and 4 given in Table 4.1, g2 is the degeneracy factor of par-
ticle 2, Pi = (Ei, ~pi) is the four-momentum of particle i, S = f (p2) [1− f (p3)] [1− f (p4)]
with fi as the Fermi-Dirac distribution function and
〈|M|2〉 is given by,
〈|M|2〉 = 16G2F [(V +A)2 (P1 · P2) (P3 · P4) + (V −A)2 (P1 · P4) (P3 · P2)
− (V2 −A2) (P1 · P3) (P4 · P2)] . (4.80)
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where V and A are the vector and axial-vector coupling constants (see Table 4.1). More-
over, similarly to the previous subsection, we get
σ (E1)
V
=
6G2F
25pi5
Aσ (E1)
[
Ia (V +A)2 + Ib (V −A)2 + Ic (V2 −A2)] (4.81)
where Aσ(E1) is given by B.3 and Ia, Ib, Ic are given by B.4 (Appendix B). Replacing
the integral Aσ(E1),
σ (E1)
V
=
6G2F
25pi5
T 2
E1
∫ (µ3−m3)/T
−∞
dx3
1 + ex3
(
E1
T
+ ξσ + x3
)(
1− e−E1T −ξσ−x3
) ×
[
Ia (V +A)2 + Ib (V −A)2 + Ic (V2 −A2)] . (4.82)
where E1 = Eνl is the energy of the neutrino or antineutrino, ξσ =
µ2−µ4−µ3
T
, and µ2, µ4,
µ3 are the chemical potentials of the particles involved in the scattering or absorption
reactions (up, down, strange quarks or muon)4.
In Figures 4.15 and 4.16 we show the diffusion coefficients D2, D3, and D4 (Equation
4.63) for both neutrinos and antineutrinos with chemical potential fixed in two values
µνe = 0 and 150 MeV respectively. We see that the diffusion coefficients for any type of
neutrinos decrease as the density increases. On the other hand, when µνe increases the
diffusion coefficients for neutrino also increases, but decreases in the case of antineutrinos.
4Remember that the chemical potential of the muon and tau neutrinos is zero
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Figure 4.15: Diffusion coefficients as a function of baryon density for neutrinos (upper panels)
and antineutrinos (lower panels) at different temperatures and µνe = 0 MeV. The temperatures
T =5, 15, 30 and 60 MeV indicated in the panel at the top left are the same for all the other
panels.
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Figure 4.16: The same as Figure 4.15 but for µνe = 150 MeV.
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Chapter 5
Neutrino Luminosity
Our main goal in this work is the prediction of total neutrino luminosity Lν , which is
basically a measure of neutrino brightness. Then, luminosity is defined as the amount of
neutrino energy that the object emits per unit of time.
We calculated Lν for the neutrino diffusion process after the combustion inside the
PNS, in other words, integrating the equations of neutrinos diffusion Equations 4.70, and
4.71 coupled with the structure Equations 4.73. As shown later, there is a dramatic
temperature decrease, which is the star colling from PNS to NS transition, due to a large
amount of neutrinos emitted.
We calculate the total neutrino luminosity, Lν , which corresponds to the total energy
emitted by the star per unit of time using the same formalism as [3, 101, 111]:
Lν = e
2φ(R)4piR2Hν (R) (5.1)
where R refers to the neutrinosphere radio, φ (R) is the metric potential, and Hν (R) is
given in Equation 4.61. In Figure 5.1 shows the luminosities as a function of time for the
different EOS. Neutrino signal from hadronic PNS was discussed in [3, 101, 118]. The
luminosity initial values are similar to the typical values from the cited works, which makes
the process studied here as interesting as hadronic PNS from the phenomenological point
of view. On the contrary, we obtained a signal duration of 8 s, which is shorter by a factor
of 7-8 than the hadronic PNS signal, for which after about 60s the neutrino luminosity is
around 1050 erg [3, 101, 118]. This shorter time can be attributed to the larger neutrino
mean free path in quark matter than in nucleonic matter [119]. Furthermore, comparing
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our results with those obtained by [120] for a quark star where the electronic neutrino
trapping is neglected Yνe=0, our signal is shorter by a factor of 2, that the signal in [120],
which it has an approximately 15s. Hence, neutrino trapping in quark stars produces
shorter signals.
On the other hand, we see that neutrinos luminosity for Bag constant B=60 MeV
fm−3 is greater than those when B=78 MeV fm−3 in any moment, because, as we showed
in Section 4.2, for B=60 MeV fm−3 the phase transition takes place in the whole PNS,
yielding a higher neutrino luminosity. We also note that the energy loss for B = 60 MeV
fm−3 is slower than for B = 78 MeV fm−3, with a time difference of approximately 2s. In
both cases, the signal duration is ∼ 8s.
In particular, we see that admitting for the hadronic EoS the model GM3 (lower
pannel, blue lines) the quark star will release more energy than GM1 (upper panel, green
lines), in the same time interval, because the quark star for GM3 is more massive and has
a larger radius than the GM1 star (see Section 4.2).
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Figure 5.1: The neutrino luminosity vs. time for the different hadronic EOS models (upper
panel: GM1; lower pannel: GM3) with the two values B=60 and 78 MeV fm−3.
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It is convenient to define the “neutrinosphere”, as the spherical surface determined by
the layer at which neutrinos are emitted and escape to infinity, having an approximate1
radius Rν . This concept is useful to determine the spectrum of the emitted neutrinos,
since by definition, further neutrino interactions does not take place anymore. The radial
position Rν is determined by the condition that the effective optical depth τ for energy
exchange between neutrinos and the stellar medium is equal to 2/3. The optical depth
can be calculated as follows [53, 121, 122, 122] :
τ =
∫ ∞
Rν
dr
〈
1
λν,eff
〉
= −
∫ Rν
R
〈
1
λν,eff
〉
=
2
3
(5.2)
where λν,eff is the energy averaged effective mean free path, which is defined as〈
1
λν,eff
〉
=
√〈
1
λν,abs
〉(〈
1
λν,abs
〉
+
〈
1
λν,scat
〉)
(5.3)
where we assumed 〈1/λν (Eν)〉 = 1/λν (〈Eν〉). Thus, the above expression is an approx-
imation since neutrino interactions have a strong energy dependence. Here, the mean
energy or any other statistical energy moment for all neutrinos species i (νe, ν¯e, νµ, ν¯µ,
ντ , and ν¯τ ) is,
〈Eν〉 =
∫∞
0
d3fν∫∞
0
d2fν
(5.4)
where fν is the Fermi-Dirac distribution function.
Here, the neutrinosphere radius is near of the quark matter threshold, e.g., assuming
a hadronic EoS with GM1 for B=60 Me fm−3, and the NS radius R=9.50 km, we have
obtained the neutrinosphere radii Rνx = Rνµ = Rντ = Rν¯µ = Rν¯τ in the range (9.38-
9.47 km), Rν¯e in the range (9.40-9.47 km), and Rνe in the range (9.43-9.47 km). Note
that during the evolution, there is a hierarchy with Rνx < Rν¯e < Rνe . Due mainly to
differences in the charged current opacities: heavy flavored neutrinos (νµ and ντ ) receive
no contribution to their opacity from charged current interactions, electron antineutrinos
(ν¯e) get some contribution from ν¯e + u → e+ + s and ν¯e + u → e+ + d processes and
1The approximation is because, as a matter of fact, neutrinos with different energies have different
neutrinospheres. This is the most accepted explanation of deviations from a perfect black-body behaviour
of neutrino spectra
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electron neutrinos (νe) get a large opacity contribution from the reaction νe + d→ e−+u
and νe + s → e− + u due to the large number of quarks d and s present in the quark
matter.
Besides, since the temperature is decreasing with increasing radius, this gives rise to a
hierarchy in the neutrinosphere temperature Tνe < Tν¯e < Tνx , which is most appreciable
at the end of the cooling phases that we can be seen in Figure 5.2 and the Table 5.1.
On the other hand, in Figure 5.3, we see that for B=78 MeV fm−3 the initial chemical
potential is larger than for B=60 MeV fm−3, because for larger Bag constant the neutri-
nosphere is much more inside the quark star, emitted neutrinos with chemical potential
greater. The kinks in Figures 5.2 and 5.3 for GM1 with B=78 MeV fm−3 is due to a sudden
growth of pressure in the numerical code, probably related to a numerical artifact2.
2This issue is under investigation, in any case, it looks like to have a minor impact over the final
results
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Figure 5.2: Time evolution of the neutrinosphere temperature.
H-EoS Bag [MeV fm−3] Neutrino Ti[MeV ] Tf [MeV ]
νe 23.3(21.7) 6.3(6.2)
GM1(GM3) 60 ν¯e 23.3(21.7) 6.5(6.5)
νx 23.3(21.7) 6.6(6.6)
νe 29.3(33.0) 5.6(5.7)
GM1(GM3) 78 ν¯e 29.3(33.0) 6.1(6.1)
νx 29.3(33.0) 6.2(6.3)
Table 5.1: The initial and final neutrinosphere temperature, assuming the hadronic EoS
GM1 and GM3 for two values of Bag constant B=60 and 78 MeV fm−3.
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Figure 5.3: Time evolution of the electron neutrino chemical potential in the neutrinosphere. We
consider a null chemical potential for muon and tau neutrinos (i.e. µνµ = µντ = 0).
Here, these neutrinos are near to equilibrium with their surrounding matter density
and their energy spectra can be described by a function close to a Fermi-Dirac distribution:
dN0ν
dE
(t) = A(t)
E2
1 + exp [(E − µν(t)) /Tν(t)] (5.5)
We should keep in mind that the neutrino spectrum 5.5 depends on time since the tem-
perature and neutrino chemical potential are both time dependent (see Figures 5.2 and
5.3). The normalization factor A, which is also time dependent, is given by
A(t) =
Et
6J3(η)T 4ν (t)
(5.6)
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where Et is the total energy emitted in neutrinos in a time interval ∆t, Et = Lν(t)∆t
3. The Fermi integral J3(η) is evaluated for η = µν/Tν for any t and for each spectrum
of νi (i = 1, ..., 6; neutrino flavors) since they have different chemical potentials and
temperatures. Note that we assumed energy equipartition, i.e., the total energy for each
neutrino flavour is Ei = Et/6. The superscript 0 denotes the original spectra as they
are inside the PNS since neutrinos oscillate in their path to Earth and the spectra are
changed, as discussed later in Chapter 6.
In Figures 5.4 and 5.5 we show plots for the obtained spectra with our calculations
for the different neutrinos and antineutrinos flavours νe, ν¯e, and νx = νµ = ντ = ν¯µ =
ν¯τ . As usual, we made the calculations for the different hadronic EOS models (Figure
5.4: GM1; Figure 5.5: GM3) and for the two values B=60 and 78 MeV fm−3. In the
figures, we show snapshots for t=0, 4 and 8 s (beginning, middle, and ending time of
neutrino emission). We observe that the black curves (νe) in Figures for t = 0 s the
electron neutrinos have more energy than for t = 4 or 8 s, because at the beginning of
the combustion their chemical potential and temperature are greater than other neutrino
species. When time increases the three curves (black, yellow and brown) get closer because
electron neutrino chemical potential decreases because of the diffusion inside the PNS.
Additionally, neutrinos start to escape from the PNS right from the beginning of the
combustion, colling the star and softening the spectra. In general, we can see that for
B=78 MeV fm−3 the emission neutrino spectrum is less intense than for B = 60MeV fm−3.
In Table 5.2 we summarize the main parameters of the obtained neutrino spectra (for
the three different times t=0, 4, and 8 s) for different hadronic EoS. Is possible to see
the differences in the number of emitted neutrinos, average energies for each model and
the binding energy of emitted Et, the latter does not vary with neutrinos flavor for a Bag
constant value.
3In our calculations we used ∆t = 0.005s, centered in each given value Lν(t).
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H-EoS Bag Neutrino ν-number 〈Eν〉 Et Et
[MeV fm−3] [1053] [MeV ] [1050erg] [1055MeV ]
t = 0s
νe 0.7(1.4) 110.0(112.2)
GM1(GM3) 60 ν¯e 1.2(2.5) 69.9(65.0) 0.78(1.55) 4.86(9.70)
νx 1.1(2.4) 73.4(68.2)
νe 0.4(0.6) 148.3(126.1)
GM1(GM3) 78 ν¯e 0.6(1.0) 83.2(80.3) 0.45(0.76) 2.79(4.72)
νx 0.5(0.9) 87.4(84.3)
t = 4s
νe 0.5(0.8) 41.2(43.3)
GM1(GM3) 60 ν¯e 0.5(0.9) 41.1(35.9) 0.18(0.32) 1.14(1.97)
νx 0.5(0.9) 37.3(37.5)
νe 0.2(0.4) 38.3(41.0)
GM1(GM3) 78 ν¯e 0.3(0.5) 34.4(35.7) 0.08(0.16) 0.52(1.04)
νx 0.2(0.5) 35.7(37.1)
t = 8s
νe 0.6(1.0) 19.7(19.6)
GM1(GM3) 60 ν¯e 0.5(0.9) 20.5(20.4) 0.10(0.19) 0.65(1.17)
νx 0.5(0.9) 20.8(20.7)
νe 0.2(0.5) 18.5(18.6)
GM1(GM3) 78 ν¯e 0.2(0.5) 19.4(19.6) 0.01(0.01) 0.13(0.07)
νx 0.2(0.5) 20.2(19.9)
Table 5.2: The number and the mean energy of emitted neutrinos at t=0,4,8s until the
complete β-equilibrium of quark matter. νx stands for µ and τ neutrinos and their anti-
particles.
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Figure 5.4: PNS energy spectra of emitted neutrinos at t=0,4,8s. νx represents neutrino flavors
other than νe and ν¯e. We used a hadronic EoS with GM1 and the two values B=60 and 78 MeV
fm−3.
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Figure 5.5: The same as Figure 5.4 but for GM3.
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Chapter 6
Detector signals
In this chapter, we calculate the signal in representative detectors at Earth due to
the neutrino emission from the PNS quark matter. We expect a sudden increase in
the detectors counting rate since our calculations show that the total energy emitted in
neutrinos in the phase transition of hadronic matter to quark matter into the PNS, is
comparable to the preceding neutrino burst from the gravitational collapse. We chose
detectors based on three different technologies and targets:
1. Super-Kamiokande (ultra-pure water Cherenkov) [123],
2. Deep Underground Neutrino Experiment - DUNE (Liquid Argon Time Projection
Chamber) [65],
3. Borexino (Liquid Scintillator) [63].
Table 6.1 summarizes the key features of the detectors used in our calculations. Neu-
trinos from any flavor interact in the detector bulk material by scattering (with nuclei
or electrons) or absorption (nuclei) producing secondaries. The dynamics and kinematics
of the secondaries are used to identify the neutrino interaction. Details on detector con-
struction, detection techniques, operations, and experimental resolutions can be found in
the aforementioned literature and references therein.
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Detector M[kton] Location Number of Targets (np) Live dates
Borexino 0.3(C9H12) Italy 1.80×1031 2007-running
DUNE 40 (Ar) USA 6.0×1032 in construction
Super-K 32 (H2O) Japan 2.14×1033 1996-running
Table 6.1: Relevant supernova neutrino detectors.
We can compute the expected neutrino counting rates in the detectors dNdet
dt
using
dNdet
dt
=
( np
4piD2
)
GW (µν , Tν) (6.1)
Tν and µν are the temperature and chemical potential at the neutrinosphere, np is the
number of target particles in the detector, D is the distance between the PNS and the
(we considered a galactic PNS, D=10 kpc), and
GW (µν , Tν) =
∫ ∞
Eth
dEν Fν (Eν) σνtot (Eν)W (Eν) (6.2)
Fν is the neutrino number spectrum at Earth, σνtot is the total cross section for the
considered neutrino reaction in the detector, W and Eth are the detector efficiency and
threshold energy respectively. We have assumed W = 1 and Eth = 5MeV with no gener-
ality loss.
For the total cross section σνtot, we considered the main process that occurs in the
detectors, the inverse β-decay (Borexino and Super-Kamiokande) and the absorption
νe(Ar,K
∗)e− (DUNE).
The total cross section [124] for the inverse β-decay ν¯e + p→ n+ e+ is
σν¯tot (E) = 9.3× 10−44 (E −∆)
√
(E −∆)2 −m2e cm2, (6.3)
where ∆ = Mn −Mp = 1.29 MeV (the mass difference between the neutron and proton),
and electron mass is me = 0.511 MeV.
For the absortion reaction νe + Ar → K∗ + e− the total cross section [125, 126] is
σνtot (E) = 1.702× 10−44
(E −Q+me)
m2e
√
(E −Q+me)2 −m2eF (E −Q+me) cm2
(6.4)
where Q is the energy threshold (Q = 5.885 MeV) and F (x) = 1.56 for x > 0.5MeV .
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Neutrinos are originated in regions of the star where the density is very high, so that
the effective mixing matrix in matter is practically diagonal. Thus the created neutrino
flavor eigenstate is completely projected into one neutrino mass eigenstate. But after
escaping from the PNS interior, the eingenstates are no more coincident and we expect
that the spectrum of neutrinos will change due to the oscillations during the propagation
of the neutrino flux until the Earth. After oscillations, the spectrum at the Earth for
electron neutrino and electron antineutrino is changed as:
Fνe =
dN0νx
dE
(6.5)
Fν¯e = U2e1
dN0ν¯e
dE
+ U2e2
dN0ν¯x
dE
(6.6)
for normal hierarchy and
Fνe = U2e2
dN0νe
dE
+ U2e1
dN0νx
dE
(6.7)
Fν¯e =
dN0ν¯x
dE
(6.8)
for inverted hierarchy.
In the above equations, the mixing matrix elements are:
• U2e1 = cos2 θ13 · cos2 θ12 ' cos2 θ12 ' 0.693
• U2e2 = cos2 θ13 · sin2 θ12 ' sin2 θ12 ' 0.307
The neutrino signal, i.e. the integrated counting rate as a function of time, for the
three observatories Borexino, DUNE, and Super-K are shown in Figures 6.1, 6.2, and
6.3 respectively. The two hadronic EoSs are identified as: GM1 by green lines and GM3
by blue lines, and the two Bag constant values B=60 and 78 MeV fm−3 are indicated
in the appropriate plot. We see a larger number of events for GM3, because with this
parameterization the star releases more energy (see Figure 5.1).
In all the plots-in Figures 6.1, 6.2, and 6.3 the error bands are calculated assuming
the total error as
∆total =
√
(∆stat)2 +
(
∆meas10%
)2
, (6.9)
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where ∆stat = 3
√
Ndet is the statistical error, ∆meas10% = 0.1Ndet is the measurement error,
taken as 10% from the counting Ndet, both errors for each step of the time. These values
are arbitrarily choose to have a conservative estimate on the errors.
From the figures, we can see that the Borexino detector, for a PNS with GM1, is not
possible to differentiate between the signal emitted for B = 60 and 78 MeV fm−3, because
the number of events for the two Bag constants is relatively close.
Table 6.2 summarizes our results. In the table, Ndet is the total number of de-
tected events (for the normal and inverted hierarchy) after the total cooling of the PNS
by neutrino emission. In particular, we notice the hierarchy NBorexino < NDUNE <
NSuper−K in the signal amplitude, due to the detector’s masses and the number of tar-
gets, as shown in Table 6.1. Focusing on normal and inverted hierarchy, we see that
Ndet(normal)<Ndet(inverted). Additionally, we can see, when comparing all detectors’
signal among each other, that the relative amplitudes and their time dependence reflect
the peculiarities of the neutrino luminosities and spectra, discussed in Chapter 5, related
to each EoS and their parametrizations.
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Detector H-EoS Bag [MeV fm−3] Ndet (normal) Ndet (inverted)
Borexino GM1 60 61 95
GM1 78 37 57
GM3 60 103 160
GM3 78 58 90
DUNE GM1 60 292 189
GM1 78 186 118
GM3 60 431 301
GM3 78 260 177
Super-K GM1 60 6554 10164
GM1 78 3931 6758
GM3 60 10992 17055
GM3 78 6219 9644
Table 6.2: Signal in the Borexino, DUNE, and Super-K detectors from a PNS at 10 kpcs,
with neutrino luminosities Lν shown in Figure 5.1.
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Figure 6.1: Signal in the Borexino detector as a function of the time, for the three EoS’s param-
eterizations considered in this work. Here GM1 for green lines and GM3 for blue lines.
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Figure 6.2: Signal in the DUNE detector as a function of the time. The same in Fig. 6.1.
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Figure 6.3: Signal in the Super-Kamiokande detector as a function of the time. The same in Fig.
6.1.
To discriminate the used EoS models, we calculate the fraction between the detec-
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tors. In particular, we will use the fraction FSuperK/DUNE = NSuperK/NDUNE, (when
using FSuperK/Borexino we will only have the relation of the number of targets and for
FBorexino/DUNE the fraction is small). In Figure 6.4, we show the fraction FSuperK/DUNE
as a function of the Bag constant, for GM1 (green), GM3 (blue) and both normal (NH)
and inverted (IH) hierarchies, we see that the hierarchies can be distinguished depending
on the fraction, but hadronic models GM1 and GM3 can not be differentiated.
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Figure 6.4: The fraction between the total NSuperK and NDUNE as a function of the constant
B, for both normal (NH) and inverted hierarchies (IH).
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Chapter 7
Summary and Conclusions
In this work, we analyzed the transition of hadronic matter to quark matter and investi-
gate the effects of neutrino trapping using different hadronic and quark EoSs parametriza-
tion. We have studied the evolution of quark matter after the hadron-quark phase tran-
sition in PNS. The transition begins with the deconfinement of a small drop of hadrons,
probably near the center of the star when the hadronic matter reaches the critical den-
sity. The deconfinement is driven by strong interactions and is followed by the weak
interaction decay of quarks until quark matter reaches β-equilibrium. We also considered
the neutrino diffusion in quark matter to reach chemical equilibrium. We calculated the
neutrino luminosity generated by quark matter in β-equilibrium and the signal detected
in the Borexino, Dune and Super-Kamiokande III observatories.
To describe the matter in the two phases, we adopted separate equations of state for
the two phases considered. For the hadronic phase, we assumed the PNS study in [3] as
the initial matter state. We used parameterizations GM1 and GM3 of the Walecka model,
including the baryonic octet, electrons, muons, taus, electron neutrinos, muon neutrinos,
and tau neutrinos in β-equilibrium (see Chapter 3).
The quark matter is described as a gas composed of u, d and s quarks, electrons,
muons, taus, electron neutrinos, muon neutrinos, and tau neutrinos. In the first instance,
the matter is not in equilibrium under weak interactions since the deconfinement process
is governed by strong interactions. For quark matter, we employed the MIT bag model at
finite temperature including the effect of the finite mass of the strange quark and QCD
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corrections to the first order in the coupling constant αc (see Chapter 3).
In Chapter 4 we have employed the EoSs studied in Chapter 3 to use the Gibbs criteria,
i.e., equality of pressure, temperature, and Gibbs energy per baryon in both phases, for
analyze the phase transition from confined hadronic matter to deconfined quark matter
and we have examined in detail the effect of the hadronic equation of state, the bag
constant B, and the strong coupling constant αc. Then, we used the PNS described in
[3], as the initial configuration of the PNS matter and we computed the mass-energy
density εpt at which phase transition occurs, and we compare it with the mass-energy
density εh of the interface layer considered inside PNS to obtain boundaries for the quark
matter region. Next, we solve the Boltzmann equation, assuming the condition of electric
charge neutrality, lepton number conservation and the first law of thermodynamics.
Our results show that, following the deconfinement in the phase transition, the subse-
quent conversion to quark matter in β-equilibrium increases in the neutron star’s core the
temperature ∆T ∼ 10 MeV (GM1) and ∼ 6 MeV (GM3), the strange chemical potential
µs, the electron neutrinos chemical potential µνe in a timescale of ∼ 10−8s.
Focusing on neutrinos diffusion, we have integrated the diffusion equations and ob-
tained the neutrino luminosity released by quark matter, which is around ∼ 1052 erg/s in
a slow time of ∼ 8 s. We expect that quite intense neutrino signals will be seen in the
detectors Borexino, DUNE, and Super-K, in the interval Ndet ∼ (37−160), ∼ (118−431)
and ∼ (3931 − 17055) respectively, considering a galactic PNS distance, D = 10 kpc.
As we could see, no salient features in the time evolution of the counting rates enable a
characterization or distinction between EoS models ant their parameters. Nevertheless,
since the expected detector signals for the PNS conditions considered in this work are
large enough, as much as those expected for a neutrino burst from gravitational collapse,
the observation of the formation of a SQM star can be carried out by the large neutrino
experiments in operation or under construction. Furthermore, since the experiments are
based in different detection techniques, we have the perspective to study how to cross
the information from different detectors, also including other neutrino interaction chan-
nels, to check the feasibility in distinguish between different EoS and characterize their
parameters.
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Appendix A
Walecka model and the mean-field
approximation
The total Lagrangian is
L = LB + LL + LM (A.1)
where B, L, and M refer to baryons, leptons, and mesons. So, The baryon contribution
is
LB =
∑
B
ψB
(
iγµ∂
µ −mB + gσBσ − gωBγµωµ − 1
2
gσBγµ~τ · ~ρµ
)
ψB (A.2)
the sum goes on baryons octet p, n, Λ, Σ+, Σ0, Σ−, Ξ−, and Ξ0. For the lepton contribution
we take
LL =
∑
L
ψL (iγµ∂
µ −mL)ψL (A.3)
For the leptons, we consider electrons, muons, electron neutrinos and muon neutrinos (e,
µ, τ , νe, νµ, ντ ). The mesonic contribution in the Lagrangian reads as
LM = 1
2
(
∂µσ∂
µσ −m2σσ2
)− 1
4
ωµνω
µν +
1
2
m2ωωµω
µ +
1
4
~ρµν · ~ρµν + 1
2
m2ρ~ρµ · ~ρµ − U (σ) ,
(A.4)
where self-interactions of the scalar field are introduced:
U (σ) =
1
3
bmn (gσσ)
3 +
1
4
c (gσσ)
4 , (A.5)
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here mn is nucleon mass and is introduced only to make the constants b and c dimension-
less.
We now introduce an approximation known as the mean-field approximation,
〈L〉 = 〈LB〉+ 〈LL〉+ 〈LM〉 (A.6)
Now, we apply the Euler-Lagrange equation
∂L
∂qi
− ∂µ ∂L
∂ (∂µqi)
= 0, (A.7)
we will use Walecka’s Lagrange. Here, This is the Euler-Lagrange equation for the field
qi and we must employ the fields ψB, ψB, σ, ω, and ρ.
• Euler-Lagrange equations for fields ψB and ψB
∂L
∂ψB
− ∂µ ∂L
∂
(
∂µψB
) = 0, (A.8)
where L is given by Equation A.1,
∂L
∂ψB
=
(
γµ
(
i∂µ − gωBωµ − 1
2
gσB~τ · ~ρµ
)
−m∗B
)
ψB (A.9)
∂µ
∂L
∂
(
∂µψB
) = 0, (A.10)
with m∗B = mB − gσBσ. Thus, the Euler-Lagrange equation is(
γµ
(
i∂µ − gωBωµ − 1
2
gσB~τ · ~ρµ
)
−m∗B
)
ψB = 0. (A.11)
We apply the mean-field approximation,〈(
γµ
(
i∂µ − gωBωµ − 1
2
gσB~τ · ~ρµ
)
−m∗B
)
ψB
〉
, (A.12)
For complex adjoint ψB, we need the complex adjoint of Equation A.11〈
ψB
(
γµ
(
i∂µ + gωBω
µ +
1
2
gσB~τ · ~ρµ
)
+m∗B
)〉
= 0. (A.13)
• Euler-Lagrange equation for field σ,
∂L
∂σ
− ∂µ ∂L
∂ (∂µσ)
= 0, (A.14)
APPENDIX A. WALECKA MODEL AND THE MEAN-FIELD APPROXIMATION123
In the same way, that above field, we have
∂L
∂σ
=
∑
B
ψBgσBψB −m2σσ (A.15)
∂µ
∂L
∂ (∂µσ)
= ∂µ∂
µσ, (A.16)
therefore,
(
+m2σ
)
σ =
∑
B
gσBψBψB (A.17)
where  = ∂µ∂µ is the d’Alambertian, the last expression is the Klein-Gordon
equation to a meson field of spin 0 with a scalar source of the Lorentz.
Again, we use the mean-field approximation,
〈σ〉 = 1
m2σ
∑
B
gσB
〈
ψBψB
〉
=
gσ
m2σ
∑
B
xσBn
S
B (A.18)
where gσB = xσBgσ and nSB =
〈
ψBψB
〉
are the relative coupling strengths and the
scalar density respectively.
• Euler-Lagrange equation for field ω is given by:
∂L
∂ωµ
− ∂ν ∂L
∂ (∂νωµ)
= 0, (A.19)
and
∂L
∂ωµ
= −
∑
B
ψBγµgωBψB +m
2
ωωµ (A.20)
∂ν
∂L
∂ (∂νωµ)
= ∂ν
(
ωµν
2
[1− ξµν ]
)
(A.21)
where ξµν ≡ ∂∂(∂νωµ)∂µων , and ωµν = −ωνµ, then
−∂νωµν +m2ωωµ =
∑
B
gωBψBγµψB (A.22)
which is the Proca equation with a vector source: the baryonic current jBµ =∑
B ψBγµψB.
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By the mean-field approximation, we have:
〈−∂νωµν +m2ωωµ〉 = ∑
B
gωB
〈
ψBγµψB
〉
(A.23)
−∂0 〈ωµν〉+m2ω 〈ωµ〉 =
∑
B
gωB
〈
ψBγ0ψB
〉
(A.24)
we can use, 〈ωµ〉 ≡ ω0, 〈ωµν〉 ≡ 0 and ψ†B ≡ ψBγ0, so
ω0 =
1
m2ω
∑
B
gωB
〈
ψ†BψB
〉
(A.25)
or
ω0 =
gω
m2ω
ρB (A.26)
with nB =
〈
ψ†BψB
〉
and ρB =
∑
B xωBnB.
• Euler-Lagrange equation for field ~ρ is:
∂L
∂~ρµ
− ∂ν ∂L
∂ (∂ν~ρµ)
= 0, (A.27)
and
∂L
∂~ρµ
= −1
2
∑
B
gρBψBγµψB~τ +m
2
ρ~ρµ (A.28)
∂ν
∂L
∂ (∂ν~ρµ)
= −1
2
(~ρνµ − ~ρµν) (A.29)
then
m2ρ~ρµ − ∂ν~ρµν =
1
2
∑
B
gρBψBγµψB~τ (A.30)
that in the mean-field approximation is,
m2ρ 〈~ρµ〉 =
1
2
∑
B
gρB
〈
ψBγµψB~τ
〉
(A.31)
where 〈∂ν~ρµν〉 = 0, ans using gρB = xρBgρ,
ρ03 =
1
2
gρ
m2ω
∑
B
xρB
〈
ψ†BψB
〉
τ3 (A.32)
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ρk3 =
1
2
gρ
m2ω
∑
B
xρB
〈
ψBγkψB
〉
τ3 = 0 (A.33)
therefore,
ρ03 =
1
2
gρ
m2ω
∑
B
xρBnBτ3. (A.34)
• Euler-Lagrange equation for field ψL,
∂L
∂ψL
− ∂µ ∂L
∂
(
∂µψL
) = 0, (A.35)
where L is given by Equation A.1,
∂L
∂ψL
=
∑
L
(iγµ∂
µ −mL)ψL (A.36)
∂µ
∂L
∂
(
∂µψL
) = 0, (A.37)
the equation for the mean value is〈∑
L
ψL (iγµ∂
µ −mL)ψL
〉
= 0. (A.38)
Finally, replacing Equations A.13, A.18, A.26, A.34 and A.38 into Equation A.6. We
can write the following expression for the total Lagrange:
〈L〉 = 1
2
m2ωω
2
0 +
1
2
m2ρρ
2
03 −
1
2
m2σσ
2 − 1
3
bmn (gσσ)
3 − 1
4
c (gσσ)
4 (A.39)
or
〈L〉 = 1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3 −
1
2
(
gσ
mσ
)−2
(gσσ)
2 − 1
3
bmn (gσσ)
3 − 1
4
c (gσσ)
4
(A.40)
The equation of state can be found as follows. Compute the ground-state expected
value of the canonical energy-momentum tensor
T µν = −gµνL+
∑
i
∂
∂ (∂µqi)
∂νqi (A.41)
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where qi is represented by each of the fields of the model, and gµν is the metric tensor of
Minkowsky. For a uniform and static system,
〈Tµν〉 = (ρ+ P )uµuν + Pgµν (A.42)
the quadratic velocity for a resting fluid is described by uµ = (1,0), and satisfies u2µ = 1.
We determine the energy density ρ and the pressure P of the system through the expected
value of the energy-momentum tensor, for the fundamental state of the nuclear matter
ρ = 〈T00〉 (A.43)
P = −Ω = 1
3
〈Tii〉 (A.44)
Applying Equation A.1, we find
P = 〈L〉+ 1
3
〈
ψγii∂iψ
〉
(A.45)
ρ = −〈L〉+ 1
3
〈
ψγ0i∂0ψ
〉
(A.46)
Then, the general expressions for ρ, P and Ω, respectively,
ρh =
∑
i=B,L
ρi +
1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3
+
1
2
(
gσ
mσ
)−2
(gσσ)
2 +
1
3
bmn (gσσ)
3 +
1
4
c (gσσ)
4 (A.47)
Ph =
∑
i=B,L
Pi +
1
2
(
gω
mω
)2
ρ2B +
1
2
(
gρ
mρ
)2
ρ2I3
−1
2
(
gσ
mσ
)−2
(gσσ)
2 − 1
3
bmn (gσσ)
3 − 1
4
c (gσσ)
4 (A.48)
Ω = −
∑
i=B,L
Ωi − 1
2
(
gω
mω
)2
ρ2B −
1
2
(
gρ
mρ
)2
ρ2I3
+
1
2
(
gσ
mσ
)−2
(gσσ)
2 +
1
3
bmn (gσσ)
3 +
1
4
c (gσσ)
4
(A.49)
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Appendix B
A1, Aσ, J , Ia, Ib, and Ic integrals
B.1 A2(E4) integral
The integral A1(E4) is given by
A1(E4) =
∫ ∞
m2
dE2
1 + exp ((E2 − µ2) /T )
∫ ∞
m1
dE1
1 + exp ((E1 − µ1) /T ) ×∫ ∞
m3
dE3
δ (E1 + E2 − E3 − E4)
1 + exp ((µ3 − E3) /T ) , (B.1)
introducing the change of variable
x1 =
E1 − µ1
T
→ Tdx1 = dE1
x2 =
E2 − µ2
T
→ Tdx2 = dE2
−x3 = E3 − µ3
T
→ −Tdx3 = dE3
−x = E4 − µ4
T
→ −Tdx = dE4
ξ1 =
(
µ1 + µ2 − µ3 − µ4
T
)
hence, the Dirac delta function can be written as
δ (E1 + E2 − E3 − E4) = 1|T |δ (x3 − (−x− x1 − x2 − ξ1)) ,
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using above expression in B.1, we get
A1 (x) = T
2
∫ ∞
−(µ2−m2)/T
dx2
1 + ex2
∫ ∞
−(µ1−m1)/T
dx1
1 + ex1∫ (µ3−m3)/T
−∞
dx3
δ (x3 − (−x− x1 − x2 − ξ3))
1 + ex1
, (B.2)
we solve the integral for x3, using the delta function. Besides, we replace the integration
limits (µ1 −m1)/T and (µ2 −m2)/T by +∞. Because that (µi −mi)/T is always large
enough in the range of densities and temperatures of interest, and the Fermi blocking
factors (1 + ex1)−1 and (1 + ex2)−1 tend to zero very fast for x1, x2 > 0 [58, 127]. Finally,
the integral is
A1 (x) =
T 2
2
(ξ1 + x)
2 + pi2
(e−x−ξ1 + 1)
. (B.3)
B.2 J integral
Here, the angular integral J is
J(µ1, µ2, µ3, E4) =
1
16pi3
∫ 4∏
i=1
p(i)dΩi (P1 · P2) (P3 · P4) δ (p1 + p2 − p3 − p4) . (B.4)
being pi the vector momentum of the i-species.
We consider the electron capture u+ e− → d+ νe, and that the particles u, e− and d
that are very close to their respective Fermi surfaces. That is to say, |pi| = pF (i) for i =
1, 2 and 3. So, the product of four-momenta in the angular integral can be written as:
(P1 · P2) (P3 · P4) = µ1µ2µ3E4
(
1− p1 · p2
µ1µ2
)(
1− p3 · p4
µ3E4
)
where
pi · pj = |pi| |pj| (cosϕi cosϕj sin θi sin θj + sinϕi sinϕj sin θi sin θj + cos θi cos θj).
Now, we express the δ function in Equation B.4 as
δ (p1 + p2 − p3 − p4) = 1
(2pi)3
∫
d3yei(p1+p2−p3−p4)·y
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Consequently, the integral B.4 can be written as:
J =
µ1µ2µ3E4
27pi6
∫
d3y
{∫ 4∏
i=1
p(i)dΩie
i(p1+p2−p3−p4)·y
−
∫ 4∏
i=1
p(i)dΩi
(
p1 · p2
µ1µ2
)
ei(p1+p2−p3−p4)·y −
∫ 4∏
i=1
p(i)dΩi
(
p3 · p4
µ3E4
)
ei(p1+p2−p3−p4)·y
+
∫ 4∏
i=1
p(i)dΩi
(
p1 · p2
µ1µ2
)(
p3 · p4
µ3E4
)
ei(p1+p2−p3−p4)·y
}
(B.5)
hence, the angular integral is
J (µ1, µ2, µ3, E4) =
(
pF (1)pF (2)pF (3)p(4)µ1µ2µ3E4
27pi6
)
(J1 − J2 − J3 + J4) , (B.6)
with
J1 =
∫
d3y
∫ 4∏
i=1
dΩie
i(p1+p2−p3−p4)·y, (B.7)
J2 =
∫
d3y
∫ 4∏
i=1
dΩi
(
p1 · p2
µ1µ2
)
ei(p1+p2−p3−p4)·y, (B.8)
J3 =
∫
d3y
∫ 4∏
i=1
dΩi
(
p3 · p4
µ3E4
)
ei(p1+p2−p3−p4)·y, (B.9)
J4 =
∫
d3y
∫ 4∏
i=1
dΩi
(
p1 · p2
µ1µ2
)(
p3 · p4
µ3E4
)
ei(p1+p2−p3−p4)·y. (B.10)
Then, we can to solve the integrals J1, J2, J3 and J4 separately. Let us focus first on the
integral J1,
J1 =
∫
d3y
∫ 4∏
i=1
dΩie
i(p1+p2−p3−p4)·y
= (2pi)4
∫
d3y
∫
dθ1 sin θ1e
ip1·y
∫
dθ2 sin θ2e
ip2·y ×∫
dθ3 sin θ3e
−ip3·y
∫
dθ4 sin θ4e
−ip4·y, (B.11)
we see that we have four integrals of the following form:∫ pi
0
dθ sin θe±ip·y =
∫ 1
−1
d(cos θ)e±ipy cos θ =
2 sin py
py
. (B.12)
APPENDIX B. A1, Aσ, J , IA, IB, AND IC INTEGRALS 130
Replacing this result in Equation B.11
J1 = 2
10pi5
∫ ∞
0
dy
y2
(
sin[p(4)y]
p(4)
) 3∏
i=1
sin[pF (i)y]
pF (i)
. (B.13)
The latter integral can be to solve analytically, and its solution is extremely long.
Continuing to the integrals, we need to solve the integral J2 given in Equation B.8.
First, we do the integrals over angles θ3 and θ4, which are given by Equation B.12, thus:
J2 = 2
4pi2
∫
d3y
sin[pF (3)y]
pF (3)y
sin[p(4)y]
p(4)y
∫
dϕ1dϕ2dθ1dθ2
(
p1 · p2
µ1µ2
)
sin θ1 sin θ2e
ip1·yeip2·y
= 24pi2c1
∫
d3y
sin[pF (3)y]
pF (3)y
sin[p(4)y]
p(4)y
∫ pi
0
dθ1dθ2 sin θ1 sin θ2e
ip1·yeip2·y∫ 2pi
0
dϕ1dϕ2 (cosϕ1 cosϕ2 sin θ1 sin θ2 + sinϕ1 sinϕ2 sin θ1 sin θ2 + cos θ1 cos θ2) .
We have
∫ 2pi
0
dϕ cosϕ =
∫ 2pi
0
dϕ sinϕ = 0. So, the integral J2 is:
J2 = 2
6pi4c1
∫
d3y
sin[pF (3)y]
pF (3)y
sin[p(4)y]
p(4)y
∫ pi
0
dθ1dθ2 cos θ1 cos θ2 sin θ1 sin θ2e
ip1·yeip2·y
with c1 = pF (1)pF (2)µ1µ2 . Now, we consider that∫ pi
0
dθ cos θ sin θe±ip·y = ∓ 2i
py
(
cos py − sin py
py
)
. (B.14)
Therefore,
J2 = −c1 2
10pi5
pF (1)pF (2)pF (3)p(4)
∫ ∞
0
dy
y2
sin[pF (3)y] sin[pF (4)y]g (1) g (2) (B.15)
where
g (j) = cos[pF (j)y]− sin[pF (j)y]
pF (j)y
; g (4) = cos[p(4)y]− sin[p(4)y]
p(4)y
, (B.16)
assuming that j = 1, 2, and 3. The integral J3 given in Equation B.9, it can be easily
obtained by analogy with the above expression for J2:
J3 = c2
210pi5
pF (1)pF (2)pF (3)p(4)
∫ ∞
0
dy
y2
sin[pF (1)y] sin[pF (2)y]g (3) g (4) (B.17)
where c2 = pF (3)p(4)µ3E4 . Likewise, the integral for J4 given in Equation B.10 can be obtained
by analogy with the previous expressions for J2 and J3:
J4 =
∫
d3y
∫ 4∏
i=1
dΩi
(
p1 · p2
µ1µ2
)(
p3 · p4
µ3E4
)
ei(p1+p2−p3−p4)·y
=
∫
d3y
∫
dΩ1dΩ2
(
p1 · p2
µ1µ2
)
e−ip1·ye−ip2·y
∫
dΩ3dΩ4
(
p3 · p4
µ3E4
)
e−ip3·ye−ip4·y
= −c3 2
10pi5
pF (1)pF (2)pF (3)p(4)
∫ ∞
0
dy
y2
g (1) g (2) g (3) g (4) (B.18)
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with c3 = c1c2. Finally, replacing Equations B.13, B.15, B.17 and B.18 into Equation B.6,
we can write the following expression for the J ,
J =
(
23
pi
)
p(4)µ1µ2µ3E4
p(4)
∫ ∞
0
1
y2
dy
{
sin[p(4)y]
3∏
i=1
sin[pF (i)y] + c3
3∏
i=1
g (i) +
+c1g (1) g (2) sin[pF (3)y] sin[p(4)y] + c2g (3) g (4) sin[pF (1)y] sin[pF (2)y]} .
(B.19)
B.3 Aσ(E1) integral
The integral Aσ(E1) is
Aσ(E1) =
1
E1
∫ ∞
m3
dE3
1 + exp ((µ3 − E3) /T )
∫ ∞
m2
dE2
1 + exp ((E2 − µ2) /T ) ×∫ ∞
m4
dE4
δ (E1 + E2 − E3 − E4)
1 + exp ((µ4 − E4) /T ) , (B.20)
Introducing the change of variable
x2 =
E2 − µ2
T
→ Tdx2 = dE2
−x3 = E3 − µ3
T
→ −Tdx3 = dE3
−x4 = E4 − µ4
T
→ −Tdx = dE4
ξσ =
µ2 − µ4 − µ3
T
where we assume that the µ1 = µνe . Using the following expression
δ (E1 + E2 − E3 − E4) = 1|T |δ
(
x4 −
(
−E1
T
− x2 − x3 − ξσ
))
,
thus,
Aσ(E1) =
T 2
E1
∫ µ3/T
−∞
dx3
1 + ex3
∫ ∞
−(µ2−m2)/T
dx2
1 + ex2∫ (µ4−m4)/T
−∞
dx4
δ
(
x4 −
(−E1
T
− x2 − x3 − ξσ
))
1 + ex4
. (B.21)
Finally, we solve the integral for x4, using the delta function
Aσ(E1) =
T 2
E1
∫ (µ3−m3)/T
−∞
dx3
1 + ex3
∫ ∞
−(µ2−m2)/T
dx2
(1 + ex2)
(
1 + e−
E1
T
−ξσ−x3−x2
) . (B.22)
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Besides, we replace the integration limits (µ2 −m2)/T and by +∞. Because that (µi −
mi)/T is always large enough in the range of densities and temperatures of interest, and
the Fermi blocking factors (1 + ex2)−1 tend to zero very fast for x2 > 0 [58, 127]. Finally,
the integral is
Aσ(E1) =
T 2
E1
∫ (µ3−m3)/T
−∞
dx3
(
E1
T
+ ξσ + x3
)
(1 + ex3)
(
1− e−E1T −ξσ−x3
) (B.23)
B.4 Ia, Ib, and Ic integrals
In general, the angular integrals Ia, Ib and Ic can be performed analytically and the
integrals Ib and Ic can define similarly to Ia, which is defined as:
Ia = p2p3p4
∫
dΩ2dΩ3dΩ4δ (~p1 + ~p2 − ~p3 − ~p4) (P1 · P2) (P3 · P4) (B.24)
Now, we define the momentum
~P1 ≡ ~p1 + ~p2 (B.25)
and
P1 =
√
p21 + p
2
2 + 2p1p2 cos θ2 (B.26)
we can express the δ-function as
δ (~p1 + ~p2 − ~p3 − ~p4) = 1
p24
δ
(
p4 −
∣∣∣~P1 − ~p3∣∣∣) δ2 (Ω4 − Ω|~P1−~p3|) (B.27)
Integrating over Ω4 the Equation B.24,
Ia =
p2p3
p4
∫
dΩ2dΩ3 (E1E2 − ~p1 · ~p2) (E3E4 − ~p3 · ~p4) δ
(
p4 −
∣∣∣~P1 − ~p3∣∣∣) (B.28)
where (P1 · P2) (P3 · P4) = (E1E2 − ~p1 · ~p2) (E3E4 − ~p3 · ~p4). The angular integral is given
by dΩ3 = dφ3dx with x = cos θ3. One has the freedom to define the x as the cosine of the
angle between ~P1 and ~p3. This allows rewritten the δ-function
δ
(
p4 −
∣∣∣~P1 − ~p3∣∣∣) = δ(p4 −√P 21 + p23 − 2x~P1 · ~p3) (B.29)
=
p4
P1p3
δ
(
x− P
2
1 + p
2
3 − p24
2P1p3
)
(B.30)
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Continuing the dot product (~p3 · ~p4) is
(~p3 · ~p4) = ~p3 ·
(
~P1 − ~p3
)
(B.31)
= p3P1x− p23 (B.32)
=
P 21 − p23 − p24
2
(B.33)
Integrating over φ3 and x, we have
Ia = pip2
∫
dΩ2
P1
(E1E2 − ~p1 · ~p2)
(
E3E4 − P
2
1 − p23 − p24
2
)
×
Θ (p3 + p4 − P1) Θ (P1 − |~p3 − ~p4|) (B.34)
where the Heaviside functions arise from the limits of the angular range −1 ≤ x ≤
1. Then, we can substitute the angular integral dΩ2 = dφ2d cos θ2 = dφ2dP1 P1p1p2 , and
integrating over φ2, the integral Ia takes the form
Ia = 2pip2
∫ Pmax1
Pmin1
dP1
(
E1E2 − P
2
1 − p21 − p22
2
)(
E3E4 − P
2
1 − p23 − p24
2
)
(B.35)
where the integral limits Pmax1 and Pmin1 arise from the combined constraints on both
angles cos θ3 and cos θ2. These limit are given by
Pmax1 = Pmax = min (p1 + p2, p3 + p4) , (B.36)
Pmin1 = Pmin = max (|p1 − p2| , |p3 − p4|) . (B.37)
Finally, performing the integration over P1, we obtain
Ia =
pi2
15p1
[
3
(
P 5max − P 5min
)− 10 (A+B) (P 3max − P 3min)+ 60AB (Pmax − Pmin)] (B.38)
where the coefficients 2A = 2E1E2 + p22 + p21, 2B = 2E1E2 + p22 + p21. In addition, for
energy conservation, we have we have E4 = E1 + E2 − E3.
The integral Ib is defined to be the same as Ia,
Ib ≡ Ia (p2 ↔ −p4, E2 ↔ −E4) (B.39)
and the same as Ia, we obtain
Ic =
2pi2M2M3
3E1
[(
Q3max −Q3min
)− 6C (Qmax −Qmin)] . (B.40)
where the coefficient 2C = −2E1E3 + p21 + p23, and
Qmax = min (p1 + p3, p2 + p4) , (B.41)
Qmin = |p1 − p3| , (B.42)
